ON GLOBAL DEFORMATION QUANTIZATION IN THE 
ALGEBRAIC CASE 
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Abstract. We give a proof of Yekutieli's global algebraic deformation quan- 
tization result which does not rely on the choice of local sections of the bundle 
of afSne coordinate systems. Instead we use an argument inspired by algebraic 
De Rham cohomology. 
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1. Introduction and motivation 

This paper has grown out of an attempt to understand [26, 38]. These papers 
deal with deformation quantization in an algebraic setting. After some consider- 
ation we decided no harm would be done by writing down our own account. For 
simplicity we restrict ourselves to infinitesimal deformations. The extension to 
formal deformations is routine. 

Kontsevich's fundamental idea is that quantization of Poisson brackets should 
take place in the setting of twisted presheaves. To explain this let X be a separated 
quasi-compact scheme over a field k. Choose an affine covering U — {Ui, . . . ,Un} oi 
X. For J C {1, . . . , n} define Uj — Oj^jUj. A twisted presheaf of fc-algebras on U 
is a collection of /c-algebras A{Uj) together with restriction maps pj jr : A{Uj) 
A(Uji) for J G J' which are compatible with compositions up to an explicit inner 
automorphism. In addition the units defining these inner automorphisms should 
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satisfy a natural cocycle conditions for triple compositions. The motivation is 
that under suitable flatness conditions one may define a category of quasi- coherent 

sheaves over a twisted prcshcaf. 

Assume now that X is a smooth and separated over A; = C. For {I, m) an Artinian 
local fc-algebra with residue field k, Kontsevich constructs in [26] a "quantization" 
arrow 

{Poisson brackets on X with coefficients in m}/ = 

(1.1) 

{Flat Z-deformations of Ox in the category of twisted presheaves} / = 

To make the connection with the deformation theory of abelian categories [29, 30] 
note that in [28] Tor Lowen constructs a natural bijection 

{Flat Z-deformations of Ox in the category of twisted presheaves} / = 

<— > 

{Flat Z-dcformations of Qch{Ox)}/ = 

Our aim is to explain (1.1). This explanation will make it clear what the obstruction 
is against reversing the arrow. 

Lot us recall some basic constructions. The complex of sheaves of poly-differential 
operators is defined as follows. For an open U of X, Pj^°'* '"(f/) is given by 

the multilinear maps O^" Ou which are differential operators in each argument.^ 

I>^°'^'' is equipped with the standard Hochschild differential and Gerstenhaber 
bracket. In this way P^°'^[l] becomes a sheaf of DG-Lie algebras. 

Likewise 7^°'^'' is defined as the graded sheaf on X whose sections of degree n 
on an open U are given by the multilinear maps O®" Ou which are fully anti- 
symmetric and derivations in each argument. When equipped with the Schouten- 
Nijenhius bracket and trivial differential 7^°'^[1] also becomes a DG-Lie algebra. 

The key result in algebraic deformation quantization is the following 
Theorem 1.1. [38, Thm 0.2] There is an isomorphism 

(1.2) TP''^y--[i]^vp/y'-[i] 

in the homotopy category of sheaves of DG-Lie algebras. Furthermore if X has a 
system of parameters (xj), then the resulting map on homology 

is given by the HKR-formula. 

A • • • A 5i„ ^ ^ ^ ® • • • ® di^M 

where di = dx^ ■ 

We will give a self contained proof of this result in this paper. We mimic to 
some extent Yekutieli's arguments and we use many of his technical contributions. 

However there is a substantial simplification that we do not have to choose (local) 
sections of the bundle of affine coordinate systems and thus we avoid the machinery 



Note that we do not include the usual shift by one (e.g. [27]) in the definition of the complex 
of poly-differential operators. 
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of simplicial sections. Instead we use an argument inspired by algebraic De Rham 
cohomology (see §6.6 below). We believe this idea is new even in the classical 
case of Fedosov quantization. It follows in particular that (1.2) is compatible with 
automorphisms of X. 

An analogue of Theorem 1.1 has been proved in the complex analytic case in 
[9]. The proof in loc. cit. does not extend immediately to the algebraic case as it 
depends on the choice of a global connection. In [13] the authors prove a version of 
Theorem 1.1 using operadic methods which is uniformly valid for the C°°, algebraic 
and complex analytic cases. In [10] we will give yet another approach to these 
results. 

Let us now explain how Proposition 1.1 is relevant to deformation theory. For 
a sheaf of DG-Lie algebras ^ on a topological space X one may take its derived 
global sections RT{X,QY°^ which is also a DG-Lie algebra and which is canoni- 
cally quasi-isomorphic to RT{X, Q) as complexes. In particular the formation of 
RT{X, CJ)*°* is compatible with quasi-isomorphisms. One possible construction us- 
ing pro-hypercoverings is outlined in Appendix B. A different construction follows 
from Hinich's model structure on the category of presheaves of algebras over an 
operad [22]. See §B.10. If Q is quasi-coherent and X is separated then RT{X, f/)'°* 
is given by applying the Thom-SuUivan normalization (see Appendix A) to the 
cosimplicial DG-Lie algebra associated to an affine covering oi X (see [23, 24]). We 
note that it will be clear below that only the properties of the functor RT{X, — )*°* 
matter, not its actual construction. 

Applying RT{X, — )*°* to (1.2) we obtain in particular an isomorphism in the 
homotopy category of DG-Lie algebras 

(1.3) i?r(x,r|°'^'-[i])*°' ^ i?r(x,DP°'^'-[i])*°* 

Let g be a DG-Lie algebra. The Maurer-Cartan equation in m ®k 3i is given by 

(1.4) diT+^[jT,n]=0 

There is a a natural action on the solutions of this equation by the "gauge" group 
exp(m (8) flo)- It is well known that the set of equivalence classes of solutions to the 
Maurer-Cartan equation is invariant under quasi-isomorphisms. 

If A is a A;-algebra then it is well known that the flat /-deformations of A cor- 
respond to solutions of the Maurer-Cartan equation in m ®k C(^)[l] where C{A) 
is the Hochschild complex of A (equipped with the Gerstenhaber bracket). Similar 
results for abelian and linear categories were proved in [29, 30]. 

Let U be as above and let u be the linear category with objects 0CJc{l,...,n} 
and 

u( J J') = I ' ^* ^ = ^^(^J'^ if J C J' 
1 otherwise 



where j : Uj X denotes the inclusion map. Wc prove (Theorem 3.1 below) 

(1.5) i?r(x,pp°''''-[i])'°* ^ c(u)[i] 

Since deformations of u are readily seen to correspond to deformations of Ox as 
twisted presheaf, and vice versa (see [28]), it follows from (1.3) and (1.5) that we 
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have bijections. 

{Solutions to the MC equation in Rr{X,T^°^^''[l]Y°^ (^k m}/ ^ 

(1-6) {Solutions to the MC equation in i?r(X,DP°'''' [l])*°* m}/ ^ 

<— > 

{Flat Z-deformations of Ox in the category of twisted presheaves} / = 
By Proposition B.8.1 below there is a canonical map 

(1.7) r(x,r|°'''' )[i] ^ i?r(x,T|°'^'-[i])*°* 

and this is an isomorphism provided 

(1.8) H\X, A^Tx) = for ?: > 

The solutions to the Maurer-Cartan equation in T{X, 7^°'^' ) are the global Poisson 
brackets on X. Thus combining (1.6) with (1.7) we now obtain the arrow (1.1) and 
we see that it is a bijection if (1.8) holds. 

Using similar ideas (see Proposition 4.1) one proves that if X is proper there is 
a bijection 

{Solutions to the MC equation in ®ijr{X^'',T^°^ ^o^an ®fc ™}/ - 

<— > 

{Flat ^-deformations of Ox in the category of twisted presheaves} / = 

thereby making the connection with the work of Barannikov and Kontsevich [4]. 
The last bijection allows one, through the work of Gualtieri [17, §5.3], to associate 
a category of coherent sheaves to an infinitesimal deformation of X™ as generalized 
complex manifold. Generalized complex manifolds form a common generalization of 
complex and symplectic manifolds and as such are important for mirror symmetry. 
It is not known in general how to define a (derived?) category of coherent sheaves 
over a generalized complex manifold. In the case of a symplectic manifold this 
should be some variant of the Fukaya category. 

Other papers relevant for algebraic deformation quantization arc [7, 6, 31]. [6] is 
especially interesting as it discusses Fedosov quantization in positive characteristic. 
This falls totally outside the reach of methods based on DG-Lie algebras and the 
Maurer-Cartan equation. 

We now give a quick outline of the current paper. In §3 wc explain the connection 
between poly-differential operators and the Hochschild complex of schemes. In §4 
we discuss the application to the analytic case mentioned above. 

The proof of Theorem 1.1 uses crucially infinite dimensional formal schemes. We 
discuss the relevant topological notions in §5. 

In §6 we use formal schemes to give an account of formal geometry in the alge- 
braic case. See also [38, §5]. Theorem 6.6.1 is our crucial acyclicity result for the 
bundle of affine coordinate systems. 

In §7 we present a reminder on DG-Lie and Loo-algebras. An important notion is 
the twist of an _Loo-morphism by a solution of the Maurer-Cartan equation (which 
I learnt from Yekutieli). We also discuss descent for Loo-morphisms under an 
algebraic group action and its compatibility with twisting. This is used to descend 
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constructions on the bundle of local coordinate systems to the bundle of affine local 
coordinate systems. 

In §8 we have a new look at poly-differential operators and poly-vector fields. 
We introduce Kontsevich's local Loo-quasi-isomorphism and remind the reader of 
its properties. An interesting remark is that the linearity property (P3) thought to 
be essential for globalization actually follows from (P5). 

Finally in §9 we prove Theorem 1.1. 

Acknowledgment The author is very grateful to Damien Calaque, Gilles Hal- 
bout. Vladimir Hinich, Bernhard Keller, Tor Lowen and Amnon Yekutieli for many 
helpful discussions. 

2. Notations and conventions 

For simplicity of exposition we assume throughout that our base field is alge- 
braically closed of characteristic zero (and usually C). It is clear that with sufficient 
care one can get by with weaker hypotheses. 

Many of the objects we use are equipped with some kind of topology, but if an 
object is introduced without a specified topology we assume that it is equipped 
with the discrete topology. 

If an object carries a natural grading then all constructions associated to it are 
implicitly performed in the graded context. This implies in particular to comple- 
tions. 

3. Going from poly-differential operators to the Hochschild 

COMPLEX 

The main result of this section (Theorem 3.1) was used in the introduction. 
Let A; be a field. If u is a fc-linear category then the Hochschild complex of u is 
defined as 

(3.1) C"(u)= H Romh{uiUj,-i,Up)(3k---^ku{Uo,Ui),u{Uo,Up)) 

;7o,...,c/peOb(u) 

with the usual differential. 

It is well-known that the Hochschild complex of a linear category has a lot of 
"higher structure". In particular it is a DG-Lie algebra when equipped with the 
Gerstenhaber bracket. This is the structure we will use below. 

The Hochschild complex of a linear category is contravariantly functorial for 
fully faithful functors t) — > u. The resulting map C(u) — > C(t)) will be called the 
restriction map. 

Assume now that k has characteristic zero and let X be a smooth separated 
scheme over k. It will be convenient to use the notations DP°^y'-{U) = pP°'y' (J7) 
for f/ C X open and £)P°'y' (i?) = £)P°'y' (X) for X = Speci?, and similarly for 

poly- vector fields. 

Assume first that X = Spec R is affine. We obtain an inclusion of complexes 

(3.2) DP°'y'-(i?)[l] ^ C(i?)[l] 

which is compatible with the DG-Lie algebra structures on both sides. In [37] it is 
shown that (3.2) is a quasi-isomorphism. 
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We have isomorphisms 

(3.3) £)p°'5'' (i?)[i] ^ £)p°'y'-(x)[i] ^ i?r(x,pp°'y' )*°*[i] 

The first isomorphism is a tautology and the second one follows from Proposition 
B.8.1 below. 

Now we drop the restriction that X is affine. Select an affine open covering 
U = {Ui, . . . ,Un\ oi X and let the associated notations be as in the introduction. 

Theorem 3.1. (1) There is an isomorphism in the homotopy category of DG- 
Lie algebras 

(3.4) i?r(X,I?P°''')*°*[l] ^ C(u)[l] 

(2) If X = Speci?, is affine andU = {X} then (3.4) coincides with the compo- 
sition of (3.2) and the inverse of (3.3). 

Proof. If p : () ^ 5 is a map of cosimplicial DG-Lie algebras then as in §B.7 below 
we say that p is a weak equivalence if p induces a quasi-isomorphism between the 
cochain complexes C*(f)) and C*{q). 

We first prove (1). Let Ch°(Z^,2?P°'y)[l] be the ordered Cech cosimplicial DG- 
Lie algebra associated to ©^"'-^[l] and the cover U (see §B.9). We will construct a 
cosimplicial DG-Lie algebra C[l] together with weak equivalences 

(3.5) Ch°(Z^,r'P°'y)[l] ^ C[l] ^ C(u)[l] 

where wc view C(u)[l] as a constant cosimplicial DG-Lie algebra. 

Applying the Thom-SuUivan normalization functor iV(— )^^ (see Appendix A) 
we obtain isomorphisms in the homotopy category of DG-Lie algebras 

(3.6) i?r(X,X'P?'^)'°'[l] iv(Ch°(w,i?p?'y)[i])'^s ^ 

Af(C[l])TS ^ A^(C(u)[l])^'^ ^ C(u)[l] 

Here arrow (1) is obtained from §B.9 below and (2) is obtained from (A.l). The 
composed isomorphism in (3.6) yields part (1) of the theorem. Part (2) will follow 
from the construction of C. 

So now we concentrate on (3.5). For clarity we will sometimes omit the shift [1] 
in the formulas. For 7^ J C / let uj be the full subcategory of u spanned by J', 
J' D J. Since Uji — > Uj is fully faithful it follows that there are restriction maps 

(3.7) C(uj) ^ C{yxj>) 

for J' D J. Furthermore it follows from [30, Lemma 7.5.2] that the restriction map 

(3.8) C{uj) ^ C{Ouj) 

is a quasi-isomorphism. 
Define 

c™= n c(u{,„,...,,„}) 

in<-"<jm 

We make C = (C™)^ into a cosimplicial DG-Lie algebra using the restriction maps 
(3.7). 

Consider C(u) as a constant cosimplicial DG-Lie algebra. We claim that the 
restriction map 

C(u) ^ C 
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is a weak equivalence. To this end it is sufficient to check that we obtain a quasi- 
isomorphism on the corresponding (totahzed) normalized cochain complexes. 

The normalized cochain complex of C it the total complex of a double complex 
with columns 

jo<---<jm 

Write U0 = u and C*^~^) = C(u). We have to show that the total complex associated 
to the double complex 

(3.9) ^ C(-i) ^ C(°) ^ >■ C^") ^ 

is acyclic. We do this by showing that it is a long exact sequence of complexes. 
C(uj) is a direct product of abelian groups of the form 

(3.10) BomkiOxiUj,) x • • • x Ox{Uj,),Ox{UjJ) 

for J C Jo C • • • C Jj. It follows that the summands in (3.9) corresponding to 
a given sequence Jo, - ■ ■ ,Jt are parametrized by J C Jo- Since the signs are the 
usual alternating ones it follows easily that for the horizontal differential (3.9) is a 
sum of acyclic complexes. This proves what we want. 
Our next aim is to construct a cosimplicial map 

c: Ch°(W,I?P°''') 

We do this by combining maps 

(3.11) cj : D^°'y{Uj) ^ C{uj) 
If d e Z)P°'y'*(f7j) then d is a differential operator in 

YLom{Ox{Uj)\Ox{Uj)) 

It follows that d extends uniquely to a differential operator with t arguments in 
(3.10). We define cj{d) as this extension. 

Now we claim that c is a weak equivalence. To do this it is sufficient to show 
that the maps cj are quasi-isomorphisms. Then it is sufficient that the composition 

D'^°'y{Uj)^C{nj)^C{Ou,) 

of cj with the quasi-isomorphism (3.8) is a quasi-isomorphism. 

This composition in nothing but (3.2) for R = 0{Uj) and hence we are done. □ 

Remark 3.2. It seems quite likely that the fact that i?r(X, Pjjf )'°* controls the 
deformation theory of Ox in the category of twisted presheaves follows also from 
Vladimir Hinich's descent theorem [20] given the fact that this is true if X is affinc;. 
One has to check that the global deformation functor is given by gluing the local 
deformation fuctors. Note that for this to work one should view these deformation 
functors as taking values in 2-groupoids. One should also use the fact, first observed 
by Deligne, that the solutions to the Maurer-Cartan equation in a DG-Lie algebra 
concentrated in degrees > — 1 form naturally a 2-groupoid as well. See [16] and the 
reference to a downloadable copy of Deligne's letter contained therein. 
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4. The analytic case 

The main result in this section (Proposition 4.1) was used in the introduction. 
Assume now that fc = C and X is a separated smooth proper scheme over k. Let 
0^a„ be the sheaf of C°°-functions on X^" and let T^'". and 0"^-. ^e the C°=- 
vector bundles respectively generated by the holomorphic vector fields and by the 
anti-holomorphic differential forms. Below we consider the sheaf of DG-Lie algebras 

(4.1) 0^'an®O-.„fi5^in[l] 

where the differential is obtained by linearly extending the differential on fi^an and 
the Lie bracket is obtained by linearly extending the Lie bracket on T^an- 

Proposition 4.1. There is an isomorphism 

iir(X,Tr'^'-)*°*[l] = 0r(X-,Ti'°n ®0~a„ ^^^in)[l] 

i,3 

in the homotopy category of DG-Lie algebras. 
Proof. We first prove that there is an isomorphism 

(4.2) i?r(xrp°'''o*°*[i] i?^(x^'^r|°^■)*°*[l] 

Choose an affine covering U = {Ui, . . . ,Un} ioi X . By Lemma B.9.1 and the fact 
that affine varieties are Stein we have 

i?r(x,T|°''''-)'°* = iv(Ch°(w,r|°'y'-))^^ 
i^^(x^^r^a°i^'■)*°* = iv(ch°(w,r^°i^'))^^ 

The obvious map 

Ch''(w,T|°'''' ) ^ ch°(w,r|°i''' ) 

yields (4.2). To prove that (4.2) is an isomorphism it is sufficient to prove that it 
induces an isomorphism on cohomology. The cohomology on the left and on the 
right are respectively given by 

H\X,AiTx) and W{X^'',A^Tx^«) 

These are are equal because of GAGA. 

We now note that the sheaf of DG-Lie algebras (4.1) is an acyclic resolution for 
Tjal^'' (the 9-resolution). Using Lemma B.9.1 we have 

(4.3) RT{X,T^°'^'T'[n = 0r(X-,T;^l ®ofa„ ^x^-^M 

This concludes the proof. □ 

Remark 4.2. In [4] Barannikov and Kontsevich show that if X is Calabi-Yau then 
0j J r(Ar™, Tj'an (Eio^an ) I^] isomorphlc in the homotopy category of DG-Lie 
algebra to the vector space 

^W{X,A^Txm 



ON GLOBAL DEFORMATION QUANTIZATION IN THE ALGEBRAIC CASE 9 

with zero differential and Lie bracket. It follows that for {l,m) an Artinian local 
ring with residue field k the Z-deformations of Qch(Ox) correspond to elements of 




5. Topological notions 

Below we will naturally encounter topological rings and modules. Rather than 

using Yckuticli's category of Dir Inv-abelian groups [38] wc work in the classical 
setting of filtered topological abelian groups. Below we list the few facts we need. 

5.1. Topological abelian groups. Below we will encounter exclusively linear 
topological abelian groups. I.e. topological abelian groups equipped with a topology 
such that has a system of open neighborhoods consisting of subgroups. 

The following trivial lemma is often used implicitly. 

Lemma 5.1.1. Assume that V is a linear topological abelian group and W is an 
open subgroup. Then W is also closed and the quotient topology on V/W is discrete. 

Proof. W is the complement of the open set Uui^w + ^) ^'^^ hence W is closed. 

□ 

From now on we assume in addition that there is a countable basis of neigh- 
borhoods of 0. It is convenient to take for such a basis a descending chain of 
subgroups V — Ff)V ^ FiV Z} ■ ■ ■ , constructed by taking successive intersections 
in an arbitrary linear basis indexed by the natural numbers. 

We define the completion of a linear topological abelian group V as 

V = ^roi\\mV/FpV 
p 

It is easy to see that this is the same as the usual completion using Cauchy se- 
quences, y is a linear topological abelian group with neighborhood basis of given 
by the {FpVy. V is complete if the map y ^ y is an homeomorphism. 

If V, W is are linear topological abelian groups then we make V ®z W into a 
linear topological abelian group by selecting as system of neighborhoods for the 
images of the abelian groups FpV ®iW + V ®iFpW . The completed tensor product 
V <8)z is the completion of F (gz for this topology. 

Since now the categories of linear topological abelian groups and complete linear 
topological abelian groups are tensor categories we can define vector spaces, rings, 
modules etc. . . in them. 

5.2. Filtered linear topological abelian groups. It will be necessary to use 

filtered linear topological abelian groups. A filtered linear topological abelian group 
is by definition an abelian group V , equipped with a filtration F' such that each 
F'^V is equipped with a linear topology with the property that the inclusion maps 
pmy _^ pm+'i-y coutinuous. The filtration is F' is considered part of the 
structure of a filtered linear topological abelian group. 

We say that V is complete if each F"^V is complete. The completion of V is 
defined as lJ(F™y)". The category of filtered and complete filtered linear topological 
abelian groups have the obvious structure of a monoidal category, so we can define 
rings, modules etc. . . in them. 
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Example 5.2.1. The ring of differential operators of k[[t]], which is equal to 
fc[[t]][t?t] has an obvious structure of complete filtered linear topological ring. 

5.3. Finite adic rings. In this section all rings are commutative. We will need 
to complete non-noetherian rings. This is a somewhat dangerous operation for the 
following reason. Let T be a ring with an ideal / and put T = projlimT/J". If 
we equip all T/7" with the discrete topology then T becomes a topological ring. 
However in general wc will not have T/I = T/IT. The reason for this is that IT is 
not closed, i.e. IT ^ {ITy= I. So we should replace IT by /. Unfortunately this 
does not resolve all our problems since in general J" ^ (7)"- So we still don't have 
an isomorphism i?/7" = i?/(7)". The following example clarifies this. 

Example 5.3.1. Let T = k[xi,X2, ■ ■ ■] be the polynomial ring in infinitely many 

variables over k and let / = {xi,X2, ■ ■ ■)■ Then T = T[[xi,X2, ■ ■ ■]]■ 

The ideals (/")' are topologically generated by the monomials Xi^ ■ ■ ■ with 
ii < i2 < ■ ■ ■ < in- The following element shows 

xi + X2X3 + X4X5X6 H 

that / is not generated by x 1,0:2, ... as an ordinary ideal. 

We now show that P 7^ (I'^J- If ./ G then the partial derivatives fi = df /dxi 
are in a finitely generated ideal in / (exercise). Consider the element 

f = xj+xl + xl + ■■■ 
liy working modulo Xm for m > n we see by looking at heights that an ideal 
containing the fi needs at least n generators. Since n is arbitrary this means that 
the fi cannot be contained in a finitely generated ideal. 

Luckily all problems go away if we consider completions at finitely generated 

ideals. 

Definition 5.3.2. An adic ring [11, 0.7.1.9] is a hnear topological ring such that 
(5.1) T = projlimT//" 

n 

where of course T/7" is equipped with the discrete topology. 

An alternative way of stating (5.1) is by saying that 7" is a fundamental system 
of open neighborhoods of and that the topology on T is separated and complete. 
An ideal 7 with this property is called an ideal of definition of T. Note that if T 
has the discrete topology then T is adic and the zero ideal is an ideal of definition. 

The following definition is non-standard but convenient. 

Definition 5.3.3. A finite adic ring is an adic ring with a finitely generated ideal 

of definition. 

If T is an adic ring with ideal of definition 7 and M is a topological T module 
then we say that M is adic if 

M = proj limM/7"M 

n 

where as usual M/I^M is equipped with the discrete topology. It is clear that this 
definition does not depend on the choice of 7. 
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Theorem 5.3.4. Assume that T is a ring with an ideal I such that I / P is finitely 
generated and let M he a T-module. Let T and M be respectively the completions 
of T and M for the I-adic topology. Then we ha,ve the following: 

(1) T is an adic ring with ideal of definition IT. 

(2) 7//i, . . . , fd are lifts in I of generators of I/P then the images of fi, . . . , fa 
in T are generators of IT. In particular T is finite adic. 

(3) M is adic. 

(4) We have (/"M)"= /"M 

(5) The canonical map M/I'^M — »• M/I'^M is an isomorphism. 

Proof This is a slight refinement of [11, Prop. 0.7.2.7]. □ 

The category of adic topological rings has tensor products. More concretely let 

C ^ A, C ^ B he continuous maps of linear topological rings such that A. B have 
finitely generated ideals of definition /, J. Then it is easy to see that the topology 
on A^cB induced from A^B has a finitely generated defining ideal which is given 
as the image oi K = I (g) B + A(E) J. We define A (E)c B as the completion of A (E)c B 
for this topology. Note that for this definition the topology on C does not have to 
be adic. Also note that if A, B are finite adic then so is A <S:c B. 

Convention 5.3.5. Let A, B be k-algebras. It will often happen below that there 

is given some finitely finitely generated ideal I G A® B and that we are interested 
in the I-adic completion of A ® B at I. To avoid confusion we will write this 
completion as A^ B. A we use a similar convention for modules. If M, N are 
respectively A, B-modules then M ^ N denotes the I-adic completion of M ® N 
at I. 

If T is an adic ring then wc will write Adic(r) for the additive category of adic T- 
modules. Note that any T-linear map between objects in Adic(T) is automatically 
continuous. If T has a finitely generated defining ideal then completion defines a 
left adjoint to the forgetful functor 

Adic(T) ^ Mod(T) 

5.4. Differentials. If M is a T-module then the symmetric group acts on M®" 
(the n-fold tensor product of M over T) by permuting the factors. 
We put 

/\^ M = coker [ M®" M®" J 

where acts by 1 — (— l)**'sn('T)(j on the summand indexed by a. It follows imme- 
diately that /\y M is compatible with base change in T. 
If T is an iJ- algebra then as usual we write 

^T/fl = At ^^/-^ 

and we call the collection of T- modules fi^//?' together with its natural differential 
the relative De Rham complex i^y/ii ^/ 
If T is an adic i?-algebra then we write. 

Ql.cont _ ,Qi Y 
^''T/R ~ V'-T/R) 
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As derivations are automatically continuous with respect to the I-adic topology 
(for I an ideal of definition of T) the differential on fi^/^j lifts to 0,'^°^^. We call 
the resulting complex the continuous relative De Rham, complex of T/R. 

Assume now that T is finite adic. By Theorem 5.3.4 the fi^/"^* are adic T- 
modules. 

The following formula is convenient 
Proposition 5.4.1. We have 

^tTr = projlimf2'(^/^„)/^ 

n 

Proof. We have a standard exact sequence 

Hence modulo essentially zero systems we have an isomorphism between the in- 
verse systems {Vlq^/j^/I'^Q.rp/p.)^ and {Q.(j/inyji)n. It is easy to see that we ob- 
tain from this an isomorphism between the inverse systems (ri^y^//"ri^y^)„ and 
{^\t/i^)/b)^^ modulo essentially zero systems. Taking the inverse limit proves what 
we want. □ 

Example 5.4.2. (A. Yckuticli) Consider T = k[[t\]. As f^T/fe is compatible with 
localization we have {^T/k)t = ^Tt/k- Since Tt = k{{t)) is a field of infinite tran- 
scendence degree over k, it follows that Ot^/j. is a very large object. On the other 
hand Q.^^^ is equal to Tdt. 

For M e Mod(T) let us denote by Der'jj(T, M) the set of anti-symmetric multi- 
linear maps T ®n - ■ ■ T ^ M with i arguments, which are derivations in each 
of their arguments. 

Clearly fi^^^j represents the functor 

Der*^(T, -) : Mod(T) ^ Mod(i?) : 

Similarly ^1^/*^' also represents Der^(T, — ) but now considered as a functor Adic(T) ■ 
Mod(i?). 

Proposition 5.4.3. Assume that T is a ring with a finitely generated ideal I. Let 
(— ) stand for I-adic completion. Then the canonical map 

is an isomorphism. In particular 

Proof. I^Cll^/n represents the functor 

Der^(T, -) : Mod(r/7") ^ Mod(i?) 
and likewise ^1^°^^ / 1"^''^"^* represents the functor 

BevR{f, -) : Mod(T'//"T') ^ Mod(i?) 

It is easy to see that these functors are naturally isomorphic if we make the iden- 
tification Mod(T/7") ^ Mod(f'/7"f') (using Theorem 5.3.4). □ 
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5.5. Formal schemes. A standard reference for the basic material on formal 
schemes is [11]. Since the formal schemes we use arc not noctherian, we recall 
the basics. Let / be an ideal in a ring T. For / e T/I let / e T stand for an 
arbitrary lift of /. Then it is easy to see that the completion of Tj with respect to 

the ideal is (canonically) independent of the choice of /. We will write T/ for 

this completed localization. If M is a T-module then Mf can be define likewise. 

If T is finite adic then follows from Theorem 5.3.4 that all T/ are finite adic as 
well and furthermore all Mf are adic Tj-modules. 

An alternative definition for Mf is the following. / defines an open subset D{f) 
of SpecT/7" = SpecT/7. Then Mf is given by the global sections of 

projlim(M/7"M)~| D{f) 

n 

(where as usual (—)~ denotes the quasi-coherent sheaf associated to a module). 

Now we sheaffify these constructions. Recall the technically useful fact that an 
inverse limit of sheaves can be computed as presheaves. 

If T is a finite adic ring with finitely generated ideal of definition we define 

Spc T = (Spec T/I, proj hm(T//")-) 

n 

for an ideal of definition /. So SpcT is a topologically ringed (T, Or) with T = 
Spec T/I. It is clear that the definition of SpcT is independent of / and 

{Dif),OT\D{f)) = Spc ff 

We use a special type of formal scheme. For the full definition see [11]. 

Definition 5.5.1. An finite adic affine formal scheme is a topologically ringed 
space which is isomorphic to Spc T for a finite adic ring T. 

Let T now be a finite adic ring with finitely generated ideal of definition /. Put 
(T, Or) = Spc T. If M is an adic T-module then we define 

M^ = proj lim(M/7"MJ' 

n 

Thus M^ is a sheaf of topological Or-modules such that 

M^ I D{f) = (Mf)^ 
Or itself contains a sheaf of ideals 1 = 1^ such that 

projlimOr/T" = Or 

n 

We call I an ideal of definition of Or- Being an ideal of definition is a local property 
(see [11, Prop 10.3.5]). 

Chaining the various definitions and using Proposition 5.4.3 we also find 

Definition 5.5.2. Let {X, Ox) be a topologically ringed space. We say that X is 
a finite adic formal scheme if X is locally a finite adic affine topologically ringed 
space. 
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As usual we call Ox the structure sheaf of X. Wc say that a topological Ox- 
module is adic if it is locally of the form M^. If X ^ y is a map of a finite adic 
formal scheme to a scheme then we define fi^^™' as the O^t-module is which is 

locally, on open affine formal subschemes Spc(T), of the form fiyy*^*. 

Morphisms between formal schemes are by definition morphisms of locally topo- 
logically ringed spaces [11, Def 10.4.5]. If S,T are finite adic rings then 

Homformal schemes(SpC S, SpcT) = Homtopological rings(^) S) 

[11, Prop 10.2.2]. 

Clearly the category of (affine) schemes is a full subcategory of the category of 
finite adic (affine) formal schemes. 

The category of finite adic formal schemes has fibered products [11, Prop 10.7.3]. 
As usual it is sufficient to construct these for affine formal schemes. If C — > A, 
C — > B are continuous maps of adic rings then we put 

SpcA xspcc SpcB = Spc{A(S>cB) 

Suppose X is a scheme and F is a closed subscheme defined by a quasi-coherent 
ideal X which is (locally) of finite type. Then Xy (or simply X) is the finite adic 
formal scheme whose underlying space is Y and whose structure sheaf is 

O^^ = 6x,Y = projlimOx/X" 

n 



6. Formal geometry 

Many ideas in this section are taken from [38, §5]. However we put more emphasis 
on the language of formal schemes. 

6.1. Basic definitions. Everything will be over an algebraically closed base field 
k of characteristic zero. Fix an integer d. For a finite adic scheme Y with loc:ally 
finitely generated ideal of definition 1 we let Y[[ti, . . . ,f„]] be the finite adic for- 
mal scheme which is the completion of F x at the ideal X + {ti, . . . ,td)- The 
inclusion/projection Y = Y x {0} Y x Af ^ Y yields a canonical projection 
map 

(6.1) pY:Y[[h,...,tn]]^Y 
with section 

(6.2) iY :Y -^Y[[h,...,tn]] 
If F = Spc S is affine then 

Y[[ti,...,td]]^SpcS[[h,...,td]] 

We like to view (6.1) as an infinite dimensional vector bundle over F with zero- 
section given by (6.2). 

Let FSch/fc be the category of finite adic formal schemes over k. 

Proposition 6.1.1. The functor 

FSch /k FSch /k:Y^ Y[[tu ta]] 



has a right adjoint. 
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Proof. Let X G FSch /k. We need to show that the contravariant functor 

(6.3) $ : FSch/fc ^ Set : y ^ Rom^sch /dY[[h, . . . X) 
is represent able. 

Since maps of finite adic formal schemes arc compatible with gluing we reduce 
to F = SpcS, X = Spc ii. So we may work with the category of finite adic afSne 
formal schemes, or equivalently, the category of finite adic rings. Thus 

^S)=Rom{R,S[[h,...,td]]) 

Let R'^'° be the fc-algebra generated by symbols fi for / e i? and i= {ii, . . . ,id) 
with relations 

{f+9r=f+~9 

if 9)-= fg 

A = A (for A e k) 

where / is the generating function fit- with t- = f-^ ■ ■ ■ . In particular there 
is a ring homomorphism 

R '° : f !->■ /(o,...,o) 

Let / be a finitely generated defining ideal for R and consider the ideal J C R'^ ° 
the ideal generated by /(o,...,o) for f € I. Then clearly J is also finitely generated. 
Let R"^ be the completion of i?'*'" at J. 

It is easy to see that we have a functorial isomorphism for any finite adic k- 
algebra S: 

(6.4) n : lioia{R,S[[ti,...,td]]) iLom{R'^,S) 
where /u is defined by 

^M'^)(/i)t^ = <^(/) 

i 

Hence i?** represents □ 

Below we denote the right adjoint to F ^[[^ii • • • i td]] hy X i-^ X**. The proof 
of the previous proposition shows that if X is affine then so is X'^. 

Now assume that (f) : Y ^ X is a, map between fc-schemes such that X is 
scparatc;d and of finite type. Then the graph = {(p, idy) : Y ^ X x Y oi <j> is 
closed and its defining ideal is of finite type. We let Jet^^oo be the completion of 
Y X X along F^. Thus Jet^^oo comes equipped with a map of formal schemes 

Jet,^,oo X xY 

An interesting special case is when <p is the inclusion of a closed point x in X. In 

that case 

(6.5) Jet^^oo = Spc dx,x 

It is easy to see that Jet^^oo is compatible with base extension in the sense that 
if there is a commutative diagram 



z 


— > Y 


X 
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then 
(6.6) 

We will write 



Jete,oo = Z xy Jet^ 



We obtain in particular 

Y Xx Jetx.oo = Jet^^oo 
Now let F be a an arbitrary fc-scheme. Fix a map 

4>:Y[[t,,...,td]]^X 

We then get a commutative diagram 

Y = Y 



(6.7) 



Y[[ti,...,td]] 



{<I>,Py) 



PY 



((^oiy ,idv) 
X XY 

pr2 



where the composition of the vertical arrows is the identity. Put (po 
If we complete the middle arrow at Y we get a map. 



I O ly. 



(6.8) 



lo:Y[[tu...,td]]^Jet 



00, c 



Definition 6.1.2. Lot the notations be as above. We say that is a local coordi- 
nate system parametrized by Y if (j)o is an isomorphism of formal schemes. 

Assume that is a local system of parameters and fix a /c-point y : Spec — > Y" . 
Pulling back (6.8) in the category of formal schemes and using (6.5) (6.6) we get an 
isomorphism of k[[ti, . . . , f„]] and Ox,x where x = {(f) o iY){y). In particular X is 
smooth at the image of x. 

It follows that it is meaningless to talk about local coordinate systems for non- 
smooth schemes. So we now assume that X is smooth of dimension d over k. 

Assume in addition that X has a system of parameters xi, . . . ,Xd- Let X C 
Oxxx be the defining ideal of the diagonal A. Then the sections a;- = Xi(Sil — l(SiXi 
of I form a generating regular sequence of the ideal of definition T of Jetx,oo (we are 
in the context of noethcrian schemes and noctherian formal schemes so there are 
no subtleties). Invoking Proposition 6.1.3 below (for affine open subsets of Jetjf^oo) 
we find: 

Jetx,cx> =A[[x[,...,x'j}] 

and hence by base extension 



(6.9) 



Proposition 6.1.3. Assume that we have a map R T where R is a ring and T 
is finite adic. Assume that T has a defining ideal I generated by a regular sequence 
xi, . . . ,Xn such that T/I = R and such that the composition R ^ T ^ R is an 
isomorphism. Then T = R[[xi, . . . , a;„]] . 
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Proof. Putting (j){xi) = Xi defines a continuous map 

(j) : R[[xi, . . .,Xn]] T 

Since in both rings the {xi)i form a regular sequence this map becomes an isomor- 
phism after taking associated graded rings. And since tlie topologies involved are 
separated and complete, this easily implies that is an isomorphism. □ 

Theorem 6.1.4. The subfunctor 

: Sch /k Set : Y {local coordinate systems on X} 

of^ (as in (6.3)^ is representable by an open subscheme X'^°°'^'^ of X'^ which is still 
affine over X. 

Proof. As usual this is a local statement on X. Hence we may assume that X has 

a system of parameters xi. . . . , Xd- 

Assume given a local coordinate system on X, indexed by Y: 

c^:Y[[ti,...M]^X 

Thus by the above discussion we obtain a map 

(6.10) ^o-Y[[h,...M]]^y4>[K.---.x'A] 

We may write the puUbacks of the x[ as aijtj H — ■ for functions aij on Y . Put 

det^o = det Oij. Then 4>q is an isomorphism if and only if det^o is a unit. Note 
that det 00 is well defined up to a unit. 

Since it is easy to see that the formation of (6.10) is compatible with pullbacks 
this implies that is an open subfunctor of So it is representable by an open 
subscheme X^oord ^j? jg ^^^^ represented by the open subset defined by 

det^o for 9 : . . . , t^]] X the universal map. From the fact that X"^ is 

affine over X, we deduce that X''°°"^ is afline as well. □ 

Let 6 : X'^°°'''^\\t\, . . . , td]] X he the universal local coordinate system on X. 
Prom Definition 6.1.2 we obtain a canonical isomorphism 

(6.11) ^o:^™°'"''[[ti,...,td]]^Jeteo,oo 

of finite adic A''^°°'''^-schemes. 

If X = Speci? for a rf-dimensional smooth fc-algebra we write R'^°°'^^ for the 
coordinate ring of X''°°'^'^. We obtain an isomorphism 

(6.12) ii™°^<i . . . , td]] -.r^f^rf 

where following Convention 5.3.5 we let R'^""'"^ il i? be the completion of ij^oord ^ ^ 
at the kernel of the multiplication map 

(6.13) R'"'°'"^®R^R''°°'"^:r®f^rf 

Example 6.1.5. It is instructive to understand the isomorphism (6.12) in the 
simplest possible case, namely when R = k[x]. In that case 

i?--'^ = fc[a;o,xi,...],, 

and (6.12) is given by 

(6.14) (k[x,Xo,Xi, . . .]xi)^-» (k[t,Xo,Xi, . • .]a:i)': Xi ^^ Xi,x^^ y^^Xjf 

i>0 
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where the first completion is at the ideal {x — xo) and the second completion is at 
the ideal (t). To see directly that (6.14) is an isomorphism we look at associated 
graded rings. Putting S = {x — xq) the associated graded map to (6.14) is given by 

{k[xo,xi, . . .]xi)[<^] {k[xo,xi, . ..]xi)[t] : Xi Xi,S xit 

This is clearly an isomorphism. 

6.2. Groups and actions. Recall that by definition for R a smooth rf-dimensional 

A;-algebra we have 

Roia{R'^, S) ^ Hom(i?, S[[ti, td]]) 

where S is an arbitrary finite adic fc-algebra. According to Definition 6.1.2 a map 
: i?** — > 5 represents a local coordinate system on Spec R, parametrized by Spc S 
(i.e. an clement of Hom(i?^°°''^, S)) if the corresponding map <p : R ^ S[[ti, . . . , td]] 
induces an isomorphism 

(6.15) SMR^ S[[h,...,U]] 

where S ^ R is the completion of S ^ R at the kernel of the ideal S ® R ^ S : 
s (g) r I— > s(j)o{r) where (j)o is the kernel of the composition 

R^S[[h,...,U]]^S 
Lemma 6.2.1. The functor which sends a finite adic k-algehra S to the group 

(6.16) Auis{S[[tu--- M]) 

is representable by an affine finite adic formal k-scheme. 

Proof. We sketch the proof which is similar to the proof of Proposition 6.1.1. Let A 
be the /c-algebra generated by variables Zij-i^,,,^^ for i = 1, . . . , d, ji > 0, localized 
at the determinant of the matrix Zi^e, where ej = (0, . . . , 1, . . . , 0) has its 1 in the 
j'th position. 

Let A be the completion of A at the ideal generated by {zi^o,...,o)i- There is a 
bijection 

M : Hom(i, S) ^ Auts(5[[ii, . . . , to]]) 

defined by 

Thus A represents (6.16) (as finite adic ring). Hence Spc A represents (6.16) in the 
category of finite adic formal schemes. □ 

Below we denote the representing object of (6.16) by G. It is a group object in 
the category of formal schemes. 

The canonical action of G{S) on Hom(i?, S'[[ti, . . . ,td]]) now defines an action 
on Hom(i?'^, S"). Since this action is functorial in S we obtain an action of G on 
i?**. Since G{S) also acts on local coordinate systems it is clear that we obtain in 
addition an action of G on 7?'^°°'''^. Finally since everything is compatible with base 
change these actions globalize to the case of not necessarily affine d-dimensional 
smooth fc-schemes. 
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Proposition 6.2.2. Let X be a separated d- dimensional smooth k-scheme. Then 
the action of G on X'^""^'^ is free in the sense that 

(6.17) G X ^ X™°'"<i X X^"""-^ : {g, x) {x, gx) 

is a monomorphism. 

Proof. For S finite adic we have to show that (6.17) induces an injection 

G{S) X X'=°°"^{S) X'"'°'^{S) X X'"'°"^{S) 

As usual we may reduce to the case that X = Spec R is afBne. Then the statement 
amounts to proving that G{S) acts freely on morphisms 

R^S[[ti,...,td]] 

defining a local coordinate systems parametrized by Spc S. This follows from the 
existence of the isomorphism (6.15). □ 

The Lie algebra of G is defined as the kernel G{k[e]) G{k). It can be naturally 
identified with the Lie algebra g of derivations of k[[ti, ■ ■ ■ , td]]- 

The following remarkable result is the main result of "formal geometry" [15]. It 
says that in a suitable sense X'^°°'^^ is a principal homogeneous space over G. We 
will not explicitly use it however. 

Proposition 6.2.3. As before let X be a separated smooth k-scheme of dimen- 
sion d. For X G X"""""^ let Tx{X''°°'"^) be the tangent space a.t x, i.e. the set of 
maps Spec/e[e]/(e^) such that the composition Spec A: Spec A:[e]/(e^) 

X"""""^ is X. Then the map fl ^ T^{X''°°'"^) induced by the G -action on X™°"<i is 
an isomorphism of vector spaces. 

Proof. Since (6.17) is a monomorphism we obtain an injection 

X T,(X™°'<i) ^ T^{X'"'°'^) X T^(X^°°''^) 

we have to prove that this is a bijection. That is, if xi. X2 are fc[e]/(e^)-points of 
^coord mapping x then there is an 5 e G(fc[e]/(e^)), mapping to the identity in 
G{k) such that gx\ = X2. 

We may assume that X = Spec R is afHne. Let x° be the image of a; in X. Then 
X is given by a map 

x:R-^k[[ti,...,td]] 

inducing an isomorphism 

R^k[[ti,...,td]] 

where R is the completion of R at the maximal ideal of R defining x° . 
Then xi,X2 are maps maps making the following diagram commutative 



(6.18) i?:— ^-l^k[e]/{e^)[[t^,...,td]] 




k[e]/{e'')[[ti, . . .,td]] ^ k[[tu ■ ■ -M 

Both Xi, X2 induce fc[e]/(e^)-linear isomorphisms 

R^k[e]/{e^)^k[€]/{e^)[[ti,...,td]] 



20 



MICHEL VAN DEN BERGH 



From this it follows we can complete the diagram (6.18) with a fc[e]/(e^)-linear 
diagonal arrow fc[e]/(e^)[[ti, . . . , td]] — > • • • > td]]- This is the required 

element of G(fc[e]/(e2)). □ 

The action of G on may be differentiated to an action of Q on W^. The 
following proposition describes the nature of this action. 

Proposition 6.2.4. Let R be a smooth affine k-algebra of dimension d. For f € R 
let f e . . . ,td\] be as in the proof of Proposition 6.1.1. For v & q let Ly 

be the action v on R'^[[ti, . . . ,td]] obtained by linearly extending the action of v on 
k[[ti, . . . ,t(i]] (recall that q = Derh{k[[ti, . . . ,ta]])). Let Ly be the action of v on 
R'^[[ti, . . . ,tci]] by linearly extending the action of v on R^. Then we have 

(6.19) Ly{f) = -Ly{f) 

Proof. We have the universal map 

R^R^[[tu...M]-f^f 

which which is easily seen to be G-invariant (for G-acting trivially on R). Formula 
(6.19) expresses the fact that the differentiated G-action, given by Ly + Ly acts 
trivially on / for f E R. □ 

Example 6.2.5. It is again interesting to consider the simple case R = k[x]. We 
have 

i?** = k[xo,xi, . . .] 

and 

9 = k[[m 

To compute the action of g we note that g has a A:-linear topological basis given by 
Si = f'dt. We have 

[6i,6j] = {j-i)Si+j-i 

To compute the action of Si we use the method of proof of Proposition 6.2.4. Thus 

we use 

3 

= j2^i{xj)t^+j2^jjf^'-' 

= Y,Si{xj)t^ + ^ (j - i + l)xj-i+it^ 

3 3>i-'^ 



j<i-l j>j-l 



Thus it follows 



6i{xj) 



if J < i - 1 

-{j - i + l)xj-t+i ifj>i-l 



or simply 

(6.20) 6i{xj) = -{j-i + l)xj-i+i 

using the convention Xj = for j < 0. 
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We obtain for ai e k 

i^aiSi j -Xj = - ^ai{j - i + l)xj-i+i 

^i>0 ^ i>0 

This is a finite sum so the action of q on is indeed well defined. 

It is clear from (6.20) that the action of do of cannot be exponentiated (i.e. 
the action of e^" on Xi does not yield a finite sum). So the g-action cannot be 
exponentiated to a group action on R"^. However the results in this section show 
that g can be exponentiated to a group G in the category of finite adic schemes. 

6.3. AfHne coordinate systems. By restricting ourselves to linear coordinate 
changes we may view GL^ as a subgroup of G. The action (6.17) now restricts to 
a free action 

Since X''°°"^/X is affinc wc may define the scheme = X''°°"^/ GL<j. Following 
our usual practice we write R^^ for the coordinate ring of (Speci?)''^. 

The advantage of X^^ over X'^°°'^'^ is the following property. 

Proposition 6.3.1. X'^^ is a bundle of (oo- dimensional) affine spaces over X . 

Proof. Assume that X = Speci? is affine and that R has a system of parameters 
x\,...,Xd. Consider the closed subscheme Y of X'^°°^'^ whose 5-points are given 
by maps 

such that (l){xi) = ai + ti + ■ ■ ■ for certain Oi G S. It is clear that the obvious map 
GL(j xY ^ X defines a bijection on S-points and hence is an isomorphism. Thus 
Y^X/ GLd. 

Using the fact that R/k[xx, . . . ,Xd\ is etale (and hence formally etale) we see 
that any diagram 

R > S 

k[xi,...,Xd] > S[[ti, . . . ,td]] 

may be completed uniquely with a diagonal arrow R S[[ti, . . . , td]]- 

It is now clear that sending cf) to (f)o together with the coefficients of (p{xi) of the 
terms of degree > 2 defines a bijection between Y and the S'-points of the product 
of Spcci? with an infinite dimensional affine space. This proves what wc want. □ 

6.4. The abstract formalism of Maurer Cartan forms. This is an abstract 
section whose results will be employed in the next section. We consider 

g = 'Devk[itu-,x^]]{H[ti, ■■■,*<!]]) 
together with its natural topological Lie algebra structure. Let T be a finite adic 
fc-algebra. Then the DG-Lie algebra 

may be written as 



d 



dti 
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and hence its action on 

^T/fc[[*l>---;*d]] 

is clearly faithful. 

We want to classify the derivations of degree one on ^'rp/kilP'^' ■ ■ ■ ^^d]] such that 
the natural map of algebras 

^T/fe ~* ^T/fe ' • • • ' 

becomes a map of DG-algebras. Below d is such a differential. 

Clearly d is determined by the values uji = dti G . . . , tij]] or equivalently 

by the restriction of d to k[[ti, . . . , td]]- This yields us a derivation 

5:k[[h,...,ta]]^n]./^[[h,...,td]] 

such that d{ti) = Wj. 
Put 

i * 

Then with a slight abuse of notation d may be written as 

d = do+uj 

where do is the extension of the differential on O^^^. The fact that d^ = translates 
into the identity 

(6.21) d,() o uj + Lu o do + uj o Lu = 

as operations on Q'j,^j^[[ti, . . . , td]]- The left hand side of this identity is the image 
of 

doui + - [w, co] 

in fi^/j. <E) 0. Hence (using faithfulness) (6.21) is nothing but the Maurer-Cartan 
equation 

douj + -[u,w] = 
in the DG-Lie algebra fij^/j. (8 (compare with (1.4)). 

6.5. The Maurer-Cartan form on coordinate spaces. Tcnsoring (6.12) on the 
left by the graded ii'^°°'''^-module O^eoord and completing we obtain an isomorphism 
of graded commutative algebras. 

(6.22) O^coord Kl i? = fijjcoord . . . , td]] f] ® f ^ V f 

The DG-algebra structure on O^^oord ^ R now induces a DG-algebra structure on 
f^^^coord [[^1, • • • , td]] and thus according to the abstract discussion in §6.4 there is an 
associated Maurer-Cartan form 

such that for r] G fi^coord , f & R 

{drj)f = {d + ujMc){vf) 

which is equivalent to 

(6.23) {d + UMc){f) = 
The following lemma will be used below. 
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Lemma 6.5.1. For v ^ q let iy be the contraction on fi^coord with the derivation on 
^coord jjjf^^ced by v (cfr (6.19)^. Extend iy to a map of degree —1 from fi^coord 
to itself. Then we have 

(6.24) iv>^MC = 1 ® f 
where both sides are elements o/ (g) g. 

Proof. It is easy to see that for any ui G fi^coord (8> we have = iy{ui{f )). 

Applying iy to (6.23) and using this fact we obtain 

{Ly + iyU}MC){f) = 

Or using (6.19) 

{iyUJMc){f) = Ly{.f) 

The operators on both sides are i?'^°°'''^-hnear. Since R'^°°'^'^[\tx, . . . ,td\\ is topologi- 
cally generated by the f,fGR and (by the isomorphism (6.12)) we obtain 

as operators on . . . , td]] 

(6.25) iyOJMC = Ly 

Then (6.24) is the same equation as (6.25) but interpreted in fi^coord ^ S using 
faithfulness (sec §6.4). □ 

6.6. An acyclicity result. Assume that X is a separated smooth fc-scheme of 
dimension d. Let 9o ■ X'^^ X be the canonical map. If X^^ were finite dimen- 
sional then the following result would follow trivially from the theory of algebraic 
De Rham cohomology [19] together with Proposition 6.3.1. 

Theorem 6.6.1. Put J = Jet^o.oo- Then the canonical map 



Ox TT^^ 



cont 
J IX 



is a quasi-isomorphism where n : J X is the composition of the map J — > 
X X X'^^ with the projection on the first factor. 

Proof. Since this result is local on X we may assume X = Spcci? and R has a 
system of parameters xi, . . . , xa- Put x'^ = 9o{xi) (g> 1 — 1 (g) and 

Let / C R'^^ iSiRhe the kernel of the multiplication map R^^ (g) i? ^ R^^. Then 
J = Spc R'^^ il R where R'^^ MR is the completion of R^^ ig) i? at the ideal I and 

r(x,..o-r) = o-"L/H 

We have an i?-linear isomorphism R'^^ = {R'^^ (g) R) /I (where on the right hand 
side R acts on the nose and on the left hand side it acts via the map ^o)- By 
Proposition 6.3.1 R^^ /R is formally smooth. Using formal smoothness we obtain a 
(non- canonical) i?-lincar splitting of the map (R'^^iSR)/!" {R''^®R)/I ^ R'^^ . 
Taking the inverse limit over n we obtain a commutative diagram 



(6.26) 



R = R 

where the top map in (6.26) is (non-canonically) split as i?-algebras. 
Using Proposition 6.1.3 we obtain an isomorphism 

(6.27) R^^MR^ R"^ [[x[ x'^]] 
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of i?-algebras. 

According to Theorem 6.7.1 below the canonical map 

O- — > Qcont,- 

"fl»fV« "fl»ff[[a:'i,...,xy]/iJ 

is a quasi-isomorphism. Hence the left inverse of this map (coming from the map 
R^^[[x[, . . . , x'J\ -» R""^ given by sending a;- 0) 

QCont,- Q. 
"fl»tf[K,...,x^]]/iJ ^^R^''/R 

is also a quasi-isomorphism. 

Combining this with (6.27) we see that the top map in (6.26) induces a quasi- 
isomorphism on relative Do Rham complexes. 

Using the proof of Proposition 6.3.1 we see that R'^^ is a direct limit of finitely 
generated polynomial rings Ri over R. Thus we have ^^^att/^ = inj limj ^'^./n and 
since it is well-known that R — > ^Ri/R is a quasi-isomorphism (the Poincare lemma) 
we obtain that induces a quasi-isomorphism 

^ = ^R/R ^R'^ff/R 

Thus the right most map in (6.26) also induces a quasi-isomorphism on relative De 
Rham complexes. Therefore the left most one does as well. □ 

Example 6.6.2. As usual it is instructive to consider the case R = k[x]. As in 
Example 6.1.5 we have 

J?=°°'-<i = A:[a;o,:ci,...k 
The one dimensional torus GLi acts with weight —i on Xi (this follows form the 
fact that X = J^i^i^^ must be invariant). Hence 

i?^*^ = {k[xo,xu . . . )«Li = k[yo, y2, ■ • •] 

where = {xi)~^Xi. The map R R'^^ is still given hy x xq = yo and the 
ideal / = ker(i?'^*^ (g) i? ^ R'^^) is generated by yo — x. 
We have 

f^ijatt = k[yo, dyo, t/2, dy2, ■ . •] 

where deg dyi = 1. Put 

A l^^aff (8) i? = k[yo, dyo, j/2, dy2, ...,x] 

and thus 

(6.28) rij^^tt i? = k[yo, dyo, y2, dy2, ...,x]' 

where the completion is graded completion with respect to the ideal yo—x. To prove 
directly that the homology of (6.28) is R. it is sufficient to construct a continuous 
homotopy between the maps of DG-fc[x] algebras 




. A A if7; = o 

/!>o : A ^ A : (-> . , dyi^Q 

I otherwise 

and 

(pi : A ^ A : yi yi, dyi dyi 
(viewed as maps of complexes). 

Introducing an auxiliary variable z, a functional homotopy between these two 
maps is given by the map of DG-fc[a;]-algebras 

iJ : A A k[z,dz] 
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z{yo - x) +x, if i = 
zyi otherwise 

and H{dyi) = d{H{yi)). By this we mean that (j)i = H . 

The following formula then yields a continuous homotopy between (j)Q and (jii 

(6.29) h{uj)= [ H{uj) 

The meaning of the right hand side of (6.29) is as follows. Write an element t] of 
k[z,dz] as rio{x,y, z) + rii{x,y, z)dz where ?7o does not contain dz. Then 

/ ^ = / m{x,y,z)dz 

6.7. De Rham complexes of formal power series rings. The following ab- 
stract result was used in the previous section. 

Theorem 6.7.1. Assume that Tq is an R-algebra and that R is a k-algebra. Put 
T = To[[xi, . . . , Xn]]- Then the canonical map 

is a quasi-isomorphism of complexes of R-modules. 

Proof. Put T = ro[ii, ■ • ■ , tn]- By Proposition 5.4.3 0,'^"°^^ is the (graded) comple- 
tion of 

The latter is equal to ^'j^^i^ ^ yp, as graded commutative differential 

graded i?-algebras. We view ^j-jji as a first quadrant double complex with the 
horizontal direction being given by ^ y^^- 

Hence it is sufficient to prove that for any 7o-module M the completion of 

(6-30) ^®iji^fl[t„...,t„]/fl 

has homology in degree zero and is acyclic elsewhere. By the Poincare lemma for 
polynomial rings this is true before completion. □ 

Now if we put degtj = Aegdti = 1 then (6.30) is a graded complex. Hence for 
every n the part of degree n 

(6.31) (M^M0fln^[j^_ ,^]/^)„ 

in (6.30) is exact (with M in degree zero). Now since (6.30) is a complex with 
positively graded components, its completion (augmented with M) is simply the 
product of the complexes (6.31). Hence it is exact also. 

7. Reminder on DG-Lie and Loo-algebras 

7.1. Coderivations. Let F be a graded vector space and set SV = ®'^^qS"'V 
considered as an augmented coalgebra such that 

A(w) = V ®l + l®v 
e{v) = 

for V ^ V . Fix w = wi ■ ■ ■ Wn where the Wi are homogeneous elements of V. Let 
N = {l,...,n}. For I c N put wj = fli^jWi. For a disjoint decomposition 
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N = Ii U ■ ■ ■ U Ip we define e(/i, . . . , /„) as the sign which makes the fohowing 
formula formally correct 

Wh •••w/p = e{I-i,...,Ip)w 

A coderivation Q of degree one on SV is determined by its "Taylor coefficients" 
{d"'Q)n>o which are the compositions 

inclusion^ gy projection ^ ^ 

Q can be computed from its Taylor coefficients by a kind of Leibniz rule. One has 

(7.1) Q{w) = €{I, N - I){d\'\Q){wi)wN-i 

ICN 

The Taylor coefficients of Q"^ are thus given by 

(7.2) {d"Q^){w) = J2 N - I){d''-\'^+^Q){{d\'\Q){wi)wN-i) 

ICN 

We assume throughout that Q is compatible with the augmented structure. I.e. 
(5(1) = 0, or equivalently d^Q = 0. If d"-Q = for n > 1 then (7.1) implies that Q 
is a derivation for the canonical algebra structure on SV. 

7.2. Coalgebra maps. If V, W are graded vector spaces then an augmented coal- 
gebra map of degree zero i/j : SV SW is determined its "Taylor coefficients" 
{d"ip)>i which are the compositions 

gny inclusion^ Jp^ projection^ ^ 

ip can be computed from its Taylor coefficients as follows. 

(7.3) i,{w)= 4e(^i,---,4)(5l^^lV')(«^/r)---(9l^-IV')(«^/J 

Here = /i U • • • U 7p is an ordered partition of A'' into p disjoint subsets (with p 
variable). 

It follows from (7.3) that if = for n > 1 then ip is an algebra homomorphism 
SV SW. 

Assume that SV and SW are equipped with a coderivation of degree one, de- 
noted by Q. One may show that the condition 

i^oQ = Qotp 

is equivalent to the corresponding "first order condition" 

a"(VoQ) =9"(QoV) 
The latter condition maybe expanded as 

(7.4) Y ^ - /)(5"-l'l+V)((5l'l0)(«;/)^i;iv-/) = 



ICN 



J2 . . . ,/„)(9^'Q)((al^^lV)(«;/J • • • {d^'^-WwO 



pi 

JV=7iU---U/p ^ 
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For further reference we note that in case d^Q — for i 7^ 1, 2 this formula special- 
izes to 

(7.5) Yl e{hN - {i})id^md'Q)iwi)w^-iiy)+ 

l<i<n 

Y e{i,j,N - {i,j}){d^-'^)i{d^Q){wiWj)wN-{ij}) = 

l<2<j<n 

(aiQ)((a»(u;)) + i Y <hj2){d^QW\'^\i^){wi,){d\'^\i^){wi,)) 

N=IiUl2 

7.3. ioo-algebras cind morphisms. 

Definition 7.3.1. An Loo-structure on a vector space g is a coderivation Q of 

degree one on S'(0[1]) which has square zero. 

One puts for a e 

da = -d^Qia) 

[a,6] = (-l)H52g(a,6) 

(where \a\ is the degree of a £ g). It then follows from (7.2) that rf^ = and that d 
is a derivation of degree one of g with respect to the binary operation of degree zero 
[— , — ]. If d^Q = for i > 2 then g is a DG-Lie algebra. Conversely any DG-Lie 
algebra can be made into an Loo-algebra by defining d^Q, d^Q according (7.6) and 
by putting d^Q = for i > 2. 

A morphism of Loo-algcbras g ^ f) is by definition a coalgebra map of degree 
zero S'(g[l]) — > 5'(()[1]) commuting with Q. It is customary to write = 3^-0 where 
V'i is considered as a map A'g — > f) of degree 1 — n. It follows from (7.4) that 
dtpi = 'tpid. Hence ipi defines a morphism of complexes. 

7.4. The topological case. The above notions make sense in any symmetric 
monoidal category. We will use them in the case of filtered complete linear topo- 
logical vector spaces. 

7.5. Twisting. Assume that tp : q ^ i) is a Loo-morphism between Loo-algebras 
equipped with some type of topology and let a; e gi be a solution of the Loo- 
Maurer-Cartan equation 

^i(a^Q)(a;^) = 
i>i 

in g. Here and below we assume that we are in a situation where all occurring 
series are convergent and standard series manipulations are allowed. This will be 
the case in the application in §9.1 where the series will in fact be finite. 
Define Qui, V'w and w' by [38] 

(7.7) (9'Qa,)(7) = E ^id'+'Q){^'7) (for i > 0) 

(7.8) (SVc.)(7) = E \{d'^'^){^'l) (for ^ > 0) 

(7.9) a;' = E4(5V)(^^) 
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for 7 e Yckuticli shows in | 

equation on t) and that furthermore g, f), when equipped with Q^^, Q^i arc again 
Xoo-algebras. Let us denote these by g,^ and (j^j/. Yekutieh also shows that 
is an Loo map — > fii^/. Variants of this principle occur at other places in the 
literature. See e.g. [34, Corollary 4.0.3] [12, §2.4]. Let us see what the definition 
of Qo- means in case g is a DG-Lie algebra. In this case the Loo-Maurer-Cartan 
equation translates into the usual Maurer-Cartan equation 

duj + i[a;, w] = 

Then 

{d'Q.){l)^{d'Q)h) + {d'Q){uji) 
(9^Q.)(7) = {d^Q){i) 

(a'Q^)(7)=0 (fori>3) 

Or translated into differentials and Lie brackets 

di^ = d + [w, -] 

7.6. Descent for Loo-morphisms. This is a somewhat abstract section. It is an 

cxplicitation of [27, §7.3.3] (in particular the last paragraph). The result will be 
used to descend a ^QQ-morphism under a rational group action. 

We now assume that g is a DG-Lie algebra and s is a set. We assume there is an 
"action" of s on g such that u G s acts by a derivation of degree —1 on g, denoted 
by iy. Put Ly = diy + iyd. This is a derivation of g of degree zero. 

By the discussion in §7.1 there exist unique coderivations ly and Ly on S(g[l]) 
such that dHy = jy —iy , d^Ly = Ly and d^ty = d^Ly = for i 7^ 1 (the sign 
change on ty occurs because of the fact that iy is an odd map g — > g and dHy is 
the corresponding map g[l] ^ g[l]). 

Lemma 7.6.1. One has 

Ly = [Q,ly] 

Proof. We know that [Q,?u] is a codcrivation. Hence we have to compute d'^[Q,iy]. 
Since ly maps S'*(g[l]) to 5*(0[1]) wo have d^[Q,iy] = d'Q o + o d^Q. Wc 
need only to consider the cases i = 1,2. Assume first i = 2. Then (using the fact 
that ly is also a derivation on S'(g[l]), equal to jy on g[l]) we compute for a,b € g 
(considered as elements of g[l]) 

{d''Qoiy+iyod''Q){a,b) = d^Q{jya,b) + {-Vf^^^-^d^Qia^iyb) + jy o d^Q{a,b) 

= {-it^-^ljvaM - [a,jyb] + {-lpjy[a,b] 

= 

(note that |a|, \b\ refer to the degrees of a, b in g). 
Now assume i = 1. We have 

{d^Q oiy+iyO d^Q){a) = -djy{a) - jyd{a) = Ly{a) = Ly{a) □ 

Put 

(7.11) = {X&Q\yv&s:iyX = LyX = 0} 
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we call the reduction of g with respect to the s-action. It is clear that g^ is a 
DG-Lie algebra as well. 

Remark 7.6.2. It is perhaps useful to point out that whereas the notion of an 
s-action only depends on the graded structure of g, the construction of g^ also 
depends on the differential. 

Proposition 7.6.3. Assume that ip is an Loo-morphism ^ t) between DG-Lie 
algebras equipped with a s-action as above. Assume that ip commutes with the s 
action in the sense that for all v £ s 

Vw : [iv^ip] = 

(where as above iy stands for the induced coderivations on S{g[l]) and S{i)[l])). 
Then ip descends to an Loo-morphism ijj^ : g^ ^ i)^ . 

Proof. By (7.11) we have to show that the restrictions of ly od^ip and Ly o d^ip to 
5*(g^[l]) are zero. Note that since Ly = [Q,iy] (by Lemma 7.6.1, the fact that ly 
commutes with ijj implies that Ly commutes with tp as well. 

ly O d^lp = d^{ly Olp) — d'^{tp O ly) 

Ly o d''ij} = d'^Ly oip) = d^ip O Ly) 

Since ly and Ly are zero on 5(0^ [1]) this impHes the desired result. □ 

7.7. Compatibility with twisting. Assume that g, () arc topological Loo-algebras 
and i/i is an Loo-morphism g — > f). We make the same assumptions as in §7.5 with 
regard to convergence of series. Our aim to understand the behavior of s-actions 
under twisting. 

Proposition 7.7.1. Assume that g and [) are equipped with a s-action and assume 
that ip commutes with this action (as in Proposition 7.6.3). Let w G fli be a solution 
to the Maurer Cartan equation. Since twisting does not change the Lie bracket (see 
(7.10)/. S acts on g^^ and as well. 

Assume that for i > 2 and a// w G s, 7 G S'*^^(0[1]) we have 

(7.12) (a>)(i^a;-7) = 
Then V'w 'is compatible with the s-action on g^ and 

Proof. [iy,tpcj] is a "V'i^-coderivation" which is the dual notion of a "(?i-derivation" 
for a map of algebras (p : A ^ B. One verifies that in order to prove p^,'^i'a)] = it 
is sufficient to show that d^[iy, tpu] =tv o d^tp^ — d^tp^ oty = 0. 
We have for 7 G S'*(fl[l]), i > 

(7.13) (5V„ o iy){j) = ^ 1(5^+JV)(^^' • ?.7) 

and 
(7.14) 

(?. ° SV..)(7) = E 
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(recall that w has degree zero in 0[1]). The difference between (7.13) and (7.14) is 
a linear combination of terms of the form (7.12) and hence it is zero. □ 

8. Poly-differential operators and poly-vector fields revisited 

In this section we remind the reader about some facts on poly-differential opera- 
tors and poly-vector fields. These notions were already introduced in the introduc- 
tion but for the convenience of the reader we repeat some definitions. Prom now 

on wo assume k ~ <C. 

8.1. General definitions. Let i? be a finite adic fc-algebra. We view i? as a i?®" 
module through the diagonal action. We put 

£>p°'y'"(i?) = Difrfl»„(i?^",i?) 

where "Diff" stands for differential operators.^ We also write £)P°iy "(X) = £>P°'y'"(i?) 
if X = Spc R. If X is a finite adic scheme then we define X>^^^'" by gluing from 

the afRne case. 

We may view the elements of I?P°'y'"(i?) as the set of multilinear maps i?®" R 
which are differential operators in each of their arguments. With this interpretation 
it is clear that DP°'y' (i?) is a DG-Lic subalgebra of C'{R), the Hochschild complex 
of R. In particular it is a DG-Lie subalgebra. 

We say that R is formally of finite type [36] if R has a finitely generated ideal of 
definition / such that R/I is finitely generated. This ck^finition is clearly indepen- 
dent of /. If R is formally of finite type then let us say that R is formally smooth if 
Qi^cont -g projective. In that case following Yekutieli's argument in [37] we see that 
the map 

is a quasi-isomorphism. 

For p > let 0"?°^^ -"^ [R) be the differential operators of degree < p. It is then 
easy to sec that if i? is formally of finite type then 0"^°"^^ {R) is a finite i?,- module. 
In that case we will view £)P°'y'"(i?) as a filtered complete linear topological vector 
space. 

Similarly put 

ypoiy,™^^) = Derfl«„(i?®",i?)^" 

The righthand side describes the set of poly-derivations which are anti-symmetric 

in their arguments.^ 

If R is formally of finite type then rP°iy>"(i?) is a finite it!-module. In that 
case we view TP"'^'" (i?) as a filtered complete linear topological vector space with 
filtration concentrated in degree n. 

Convention-Warning 8.1.1. In this section and the next alm,ost all our objects 
will be considered as being (naturally) filtered. This has serious implications for the 
meaning of completions and completed tensor products. See ^5.2. 



Note that since difTcrcntial operators arc continuous with respect to any adic topology, we 
don't have to worry about continuity. 

^In §5.4 the notation Der'^ {R,R) was used. The current notation is more convenient for this 
section 
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If R formally of finite type and formally smooth then there is an isomorphism 
AlTP°'y'\R) ^ TP°'5''"(i?) : 71 A • • ■ A 7n ^ E (-l)''7a(i) ® • ■ • ® la(n) 

where 7, e TP°'y(ii) = Devk{R, ii) and 71 • • • (g) 7„ acts on ii®" via 
(71 (8> • • • <8) 7„)(ri (g> • • • r„) = 71 (ri) • • • 7„(r„) 

8.2. The formal case. In this section wc consider R = k[[ti, . . . ,td]]- Write di 
for d/dti. In this case we can give very concrete descriptions of TP°'^' (i?) and 
£)Poiy, (/j). First we have 

T'P°^y^(R) = Rd^®...®Rdd 
(8-1) , / 

D^°'y^\R)=R[du--- ,dd] 

and then 

(8.2) , ^ , 

These descriptions reflect the algebra structure on rP°'y' (i?) and £'P°'y'-(ii). It 
is also easy to get the Lie algebra structure on TP°'''' (i?) using the fact that the 
product satisfies the Leibniz property with respect to the Lie brae ket. In£)P°iy'-(i?) 
this Leibniz property holds only up to homotopy and therefore the situation is much 
more complicated. 

Kontsevich (over the reals) constructs in [27] an Loo-quasi-isomorphism 

(8.3) U : TP°^y'-{R)[l] ^ 0^°^^'- {R)[l] 
If we write Ui = d^U then Ui is given by the HKR formula 

(8.4) Ur{di,A---AdiJ = ^Yl ® • • • ® 

The higher Un are matrices of differential operators when expressed in the natural 
i?-bases of TP°'y'"(i?) and £)P°'y'"(i?) obtained from (8.1)(8.2). 

The quasi-isomorphism constructed by Kontsevich has two supplementary prop- 
erties which are crucial for its extension to the non-formal case. 
(P4) Zi,(7i • • - 7,) = for g > 2 and 71, . . . ,7, G TP°'y'\R). 
(P5) Uq{-fa) = for g > 2 and 7 e flld(fc) C TP°'y'i(i?). 

Remark 8.2.1. In [33] Tamarkin constructs an ioo-Quasi-isomorphism like (8.3) 

over the rationals. Halbout has informed me that the methods in [18] show that 
Tarmarkin's quasi-isomorphism may be defined in such a way that it also satisfies 
(P4) and (P5). Using this one may replace the complex numbers by the rational 
numbers in this paper. 

Remark 8.2.2. Another property which is usually being regarded as essential for 
globalization is the fact that the Uq are GLd(A:) equivariant (condition (P3) in [27]). 
We will not explicitly use this condition below. The explanation for this is that 
(P3) almost follows from (P5). To be more precise let (P3') be the condition that 
Uq is £|[rf(fc) equivariant. I.e. 

(P3') [y,Uq{ai---aq)] = Ej ^gC^i ' ' ' b, "j] • ■ • 
{or'yegld{k),aiGTP°'y'{R)[l]. 
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Then we have (P5) ^ This easily follows from (7.5). In sufficiently nice 

situations (P3) and (P3') are of course equivalent. 

9. Global formality 

9.1. Lifting to coordinate spaces. It is easy to define relative poly-differential 
operators with respect to a graded commutative base ring. Assume that A ^ B is 
a morphism of graded commutative algebras and let M be a graded _B-module. We 
define D^^^'"{B, M) as the set of multilinear maps B ®a • ■ ■ ®a B ^ M {n copies 
of B) which are relative B /A differential operators in each of their arguments and 
which are finite sums of homogeneous maps. 

We will use the following routine lemma to manipulate such relative poly-differential 
operators. 

Lemma 9.1.1. Assume that A is a graded commutative DG-algebra and let S be 
a finitely generated smooth k-algebra. Let I be a finitely generated ideal in Aq^ S 
(Aq is the part of degree zero of A). Then the obvious map of DG-Lie algebras 

(9.1) DP°'-y'-{S) DP/y-{A H S) 

(all completions are I-adic completions of filtered topological Aq (g) S-modules) ex- 
tends to an isomorphism of double complexes of filtered complete linear topological 
vector spaces 

(9.2) A^ DP°^y-{s) Dp/y-{A i S) 

if we define the vertical differentials as the Hochschild differentials (considering 
A^ S as a graded ring) and the horizontal differentials on the right as [dA ^ 1, — ] 
and on the left as <8i 1- 

Proof. It is easy to see that the differentials are as indicated. So we only have to 
show that (9.2) is an isomorphism. 

Since differential operators are always continuous with respect to the /-adic 
topology we have 

^p^poiy.n^^ ^ 5) = FP£)P°'^'"(A ^S,A^S) = £)P°'y'"(5, A^S) 

where as in §8.1 F' denotes the filtration by degree of differential operators. 

From the standard theory of differential operators it follows that there exists a 
finitely generated projective 5®" module Jp such that 

_pP£,P°'5''"(S, -) = Homs»„(Jp, -) 

Hence 

pp jjpoly, n^g^ A i 5) = Homs»n {Jp,A^ S) 

= Homgsn ( Jp, proj lim(^ (gi S) /Z™) 

m 

= proj lim Homs®n ( Jp, (A (g) 5) //™) 
= proj lim(A (g) IIoms»„ (Jp, S))/I"^ 

m 

= AHi^pL>p°'y^"(S') 

In the third line we have used the fact that Jp is finitely generated projective. This 
allows us to replace Jp by 5®". □ 
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Assume now that R is smooth of dimension d. Using the previous lemma first 
with A = S = R and I = ker(i?'=°°''<^ (g> R ^ ^coord) ^^^^^ ^j^j^ 

A = fi^coord ) S = k[ti, . . . ,td], I = {ti,. . . ,td) we have the following string of maps 
between of filtered complete linear topological DG-Lie algebras. 

DP°^y--{R) i DP°^y' {R) 

(9.3) 

-O^coo,d0Z?P°'^'-(fcpi,---,id]]) 
In the third line we have used the isomorphism (6.22). 

In §6.5 we have seen that the differential on fi ''^"'^' - , = Oocoord ^ R induces 

the differential d + ojmc on O^coord [[ti, • • • , id]] with 
(9.4) 

WMC e J^flcoo,d0Derfc(fc[[ii, . . . ,td]]) = J^^coord®TP°'^'i(fc[[ti, . . . ,td]]) C n]^coori<§D'P"^y'\k[[ti, 

This then induces the differential [d, —]+[ujmc, — ]+rfHoch on Dq'^^'' (Oocoord [[^i, • • • , id]])- 
It is easy to sec that this induces the differential d i8) 1 + [wmC; ~] + <^Hoch on the 
graded Lie algebra fi^,o„d (g) DP°^y'- {k[[ti, . . .,td]\). 

As for differential operators, we can define relative poly- vector fields and there is 
an obvious analog of lemma 9.1.1. We obtain maps of graded vector spaces which 
we may employ to get the following string of maps between filtered complete linear 
topological DG-Lie algebras. 

TP°^y'-(i?) f7^.oo.d i rp°'y' (i?) 

_^ j,poly, (^^-^^^^^^ ^ flj 

jifCOOrd 

(9.5) =T^'''- (n-^^o.4[ti,---,td]]) 

coord 

^0^eoord^TP°'5''-(fc[il,...,id]) 
= 0^eoord®TP°'^''(A;[[il,...,id]]) 

On the first Lie algebra this differential is trivial and on the last it is d®l+[iOMC, —]■ 
Now consider the following two DG-Lie algebra 

(9.6) t = 0^_d ® TP°^f;:„ ik[[tu td]]) 

(9.7) = fl^_d ® Dl^l^:-..,t,]^{k[[ti, ■ ■ -M]) 

where the DG-Lie algebra structures are obtained by linearly extending the ones 
on the second component. Looking at the second line and the last line in (9.3) and 
(9.5) and the description of the differentials we obtain by (7.10) 

W,=n«coo.d^TP°''''-(^) 
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We now extend the Loo quasi-isomorphism 

U : TP°'^' (fc[[ii, . . . , td]]) ^ £»P°'y' (fc[[ii, . . . , td]]) 

f^^coord -linearly to an Loo-map : t — > I). 

Property (P4) together with (9.4) implies that if we plug ujmc into (7.9) we 
obtain oj'j^q = ujmc (taking into account that the right most inclusion in (9.4) is 
simply Ui). 

Lemma 9.1.2. Assume that 7 e f^^.^.a ^ TP°'y'''(i?). Then the sum in (7.8) is 
finite. 

Proof. This follows by degree considerations. Indeed Ut is obtained by extension of 

the map of degree zero 

Ui : 5XTP°'y'-(fc[[ii, • • • ,id]])[2]) - D^^'y'- {k[[tu . . . ,fd]])[2] 
It follows that Ui considered as a map 

5'(f2^cooM ^ TP°'y'-(fc[[tl, . . .,td]])) ^ ^^flcoord ® DP°^y'-{k[[tl, . . .,td]]) 

has bidegree (0,2 — 2i). One the other hand it follows from (9.4) that umc has 

bidegree (1, 1). Assume that 7 has bidegree (a, b). Then the j'th term in (7.8) has 
bidegree (a, 6) + (j, j) + (0, 2 - 2(i + j)) = {a + j,b - j + 2 - 2i). Since for j > we 
have 6 — j + 2 — 2i < it follows that the sum in (7.8) is indeed finite (for a given 
bihomogeneous 7). □ 

Hence we obtain that 

(9.9) Uuj^jc : iujMc ^ ^<^Mc 

is defined. From the formula (7.8) it follows that Ui^mc i^ ^tiH ^/fcoord -linear. 

9.2. Descent. If we let e g = Devk{k[[ti, . . . ,td]]) act by iy on ^^coord,- (as in 
Lemma 6.5.1) then this defines a g-action on O^^oo^^ in the sense of §7.6. We define 
a corresponding 0-action on t and 5 by linearly extension. 

Lemma 9.2.1. Put s = LieGL^ = qI^ C fl. The Loo-morphism (9.9) descends to 
an Loo-morphism 

(where (— )^ is defined by (7.11)^. 

Proof. According to Proposition 7.6.3 we need to show that the s action on iu^c 
and OoiMc is compatible with Ui^mc- Proposition 7.7.1 it is sufficient to prove 
the following two statements 

(1) The s action on t and is compatible with U. 

(2) For j >2 the condition 

Uj {ijjW • 7) = 

is satisfied. 

Since is a base extension of U, it is easy to see that it commutes with the action 
of iy, V € s (in the sense of Proposition 7.6.3). This proves (1). 

Using Lemma 6.5.1 and expanding 7 as a fi^eoord -linear combination of elements 
7' of <S'(t[l]) it follows that for (2) it is sufficient to prove that 

But this is precisely property (P5). □ 
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Lemma 9.2.2. The formulas (9.8) descend to isomorphisms of filtered complete 
linear topological DG-Lie algebras 

where the completion is computed with respect to the ideal ker(ii**^ i? — > R'^^). 

Proof. We will concentrate ourselves on 0. The case of t is similar. By (9.8) we 
have 

(wr-(f^;^.oo..ii?p°'^'-(i?))^ 

Thus we have to understand how the s-action on ri^coord ® 0^°^^'' {k[[ti, . . . ,td]]) is 
transported under the isomorphisms of (9.3) to a s-action on fi^coord 1^ £>P°'^''(ii). 
We will do this for the g-action. Since s C this does what we want. 

We claim that the transported g-action is just the extension of the 0-action on 
^jjcoord- To prove this we observe that the isomorphism (6.12) 

H i? ^ o^eoo^d [[ti, . . . , td]] -.Lo^f^ojf 

commutes with the g-actions on both sides (obtained from extending the Q action 
on ri^coord)- To see this note that since iy has degree —1, iy is R'^°°^'^ i?-linear on 
the left and R''°°'^\[tx, td]]-lmeax on the right. 

li V € g then iy acts as a derivation on n^^oord ^ R and O^jcoord [[ti, • • • , td]] which 
preserves fi^coord and this implies that [iy, —] acts on 

(9.10) (fi^eoordii?) 

jjcoord 

and 

(9.11) (fl^_d[[ii,...,id]]) 

jjcoord 

and of course these actions are compatible with the isomorphism between (9.10) 
and (9.11). 

It follows that we obtain compatible f|-actions on 

fiflcoord,. ^£>P°^y'-(ii) 

and 

Oflcoord,. |)£)P°'y'-(fc[[il,...,id]]) 

and it is easy to see that these are obtained from the fl-actions on fijjcoord, . 
It remains to show 

(fiflcoord,. ^DP"^y' {R)y = fiflaff,. i£>p°'y'-(i?) 

This meant to be an isomorphism of filtered objects so we first consider (Q^jcoord,- M 
FPDP°^y^ {R)Y which can be rewritten as 

((f}^ooo.d, i R) FPDP°^y-iR)y = (fi;jooo,d, i Ry DP°^y' {R) 

since the FPDP"^^'' (R) are finitely generated projective i?-modules. 
So now we have to show 

(fi^eoord i Ry = n^aff ^ R 
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We use the easily proved fact that Q'„^^ard Kl i? = fi': n^^/r,- Let / be the kernel 
of (g) i? ^ i?™"'-^. Using Proposition 5.4.1 and Lemma 9.2.3 below we have 



= proj hm [P'Tkcoord^m I in m I 

= proj lim (f^(^^{coo.d^«)/j„)GL,/^) 



Now let J be the kernel of R!^^ (g) i? — > R!^^ . From the fact that GL^ acts freely on 
^coord (Proposition 6.2.2) and its invariants are defined as R^^ we easily deduce 
that ((ii'^°°"<i ii)/7")GL<* = {R''^ (g) i?)/J". Hence 

Qrn.cont 

~ (7?"ffgl_R)/_R 

where wc have used Proposition 5.4.1 once again. □ 

The following lemma was \iscd. 

Lemma 9.2.3. Let S be a connected reductive algebraic group over k with Lie 
algebra s acting rationally, R-linearly and freely on a R-algebra T. For v £ s we 
denote by iy the derivation of degree —1 on fi^^^j which is the contraction with the 
derivation corresponding to v. Then 

Qj.s /ii = {uj € ^T/R I G 5 : = iy{dLo) = 0} 

Proof. We use a fragment of the Cartan model for equivariant cohomology. Let 
{ej)j be a basis for s and let (e^)j be the corresponding dual basis. Since S acts 
freely on T, T/T^ is smooth. We obtain an exact sequence 

This sequence is split and hence we may transform into a Koszul type long exact 
sequence 

(9.12) ^ flfrs/R 0TS T ^ n^/^ flif/j^ (g) 5* i flifj^j^ 5^5* • • • 
where 

3 

Taking invariants we obtain in particular 

Oys /R = W ^ {^t/r)^ \yv € s : iy{(j) = 0} 
The differentiated S action of 0^ is given by Ly = diy + iyd. Hence we obtain 

fl'rps /ji = {uj G {^t/r) I e S : iv{i^) = Ly{(jo) = 0} 
which yields the desired result. □ 
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9.3. Quasi-isomorphisms. 
Theorem 9.3.1. The canonical maps 

TP°^y'-{R) nuaff i TP°'y' {R) 

DP°^y-{R) Quaff Kl DP"^y' {R) 

obtained by linearly extending R'^^ — > jjatt , dre filtered quasi-isomorphisms. 
Proof. By acyclicity (Theorem 6.6.1) we have a quasi-isomorphism 

and since 

^cont,_. ^ ^. ^ ^ 

R^mR/R R 

we obtain a quasi-isomorphism 

R i R 

Tensoring on the right by the finitely generated projective i?- modules F^T^"^^'' (R) 
and FP£)P°'y' (i?) gives what we want. □ 

9.4. Tying it all together. We have a commutative diagram of DG-Lie algebras 
and (vertical) Loo-maps 

(9.13) 

Tpoiy.-(ij) , fi^att ^TP°iy'-(i?) > Oflcoord ^TP°iy' (i?) ~ 1 Oflcoord (g)TP°'y'-(A;[[ii,...,id]]) 

£>p°iy>-(i?) > f^flatt HDP°'y' (i?) > i7flcoord iDP°iy-(i?) ; o^jcoord (g)L>p°iy' (fc[[<i,...,fd]]) 

where V is obtained from Uojmc using the horizontal isomorphisms and is ob- 
tained from iU^^^Y (see Lemmas 9.2.1,9.2.2). By Theorem 9.3.1 we know that 
the left most horizontal maps are quasi-isomorphisms. 

Theorem 9.4.1. The induced map 

H : TP''^y'-{R) H-{DP''^y'-{R)) 

is an isomorphism. If R has a system of parameters {xi)i then 

(9.14) ii{di, A • • • A SiJ = 1 ^ (-l)"ai,a) ® " " " ® ^v(n) 

where di = d/dxi. 

Proof. Since everything is local on R we may assume that R has a system of pa- 
rameters. Denote the map defined by (9.14) by jjb' . Since jj! is a quasi-isomorphism 
[37] it is sufficient to prove that fi = fi' . 

Let us regard the complexes occurring in the (9.13) as double complexes such 
that the rows are obtained from the Do Rham complexes. Assume 7 € (fiflatt (S) 
TP°^y--{k[[ti, . . . , tci]]))pq where p is the column index. 

According to (7.8) UumcA given by 



j>0 ^' 
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and one checks 

(9.15) U,+^{lo%c1) e (f^fi-- ® £>P°'y'-(fc[[ti, . . . , ta]]))p+,,,-j 

(see for example the proof of Lemma 9.1.2). Since the horizontal maps in (9.13) are 

inchisions wc obtain that maps (f7^„ffKTP°'y"(i?))pq to ej(f7^,ff KlDP°'y- {R))p+j^q_j. 

We claim that the component corresponding to j = of Vf is equal to (the linear 
extension of) fi' . To prove this we look at the component of Wi^j^^^i corresponding 
to i = 0, which is equal to Ui. As discussed in §9.1 the vertical arrows in (9.13) 
are linear for the action of the De Rham complexes. Hence it suffices to prove that 
the following diagram is commutative 



(9.16) m'I 



£)poly,n(^^ > i?'=°°''d(^DP°ly'"(fc[[ii,...,i<i]]) 

J 

For convenience we have denoted the horizontal arrows by i and ). They are 
obtained from the "expansion in local coordinates" isomorphism (G.12) 

^coord ^ ^ ^ ^coord ^ ^ . . . ^ 

Thus a poly-differential operator or vector field on R is linearly extended to one on 
^coord ^ ^ j^^j ^Yicii transported to an operator on ij^oord ^ ^^[^^^ ^ ^^]]_ Clearly 
i and j are compatible with cup-product. 

To avoid confusion we write dx^ for d/dxi and dt^ for d/dtj. According to for 
example the proof of Theorem 6.1.4 the matrix {dxi/dtj)ij is an invcrtible matrix 
over R''°°'^'^[[ti, . . . ,td]]. Denote the inverse matrix by {dtj/dxi)ij. Then 



dt ■ dt 

Comparing the formulas (8.4) and (9.14) (which we have taken to define fj.') we see 
that (9.16) is indeed commutative. 

The first component of an Loo-map always commutes with the differential thus 
we have a map of complexes 

Wc filter the two complexes according to the column index. By (9.15) this filtration 
is compatible with Vf and the graded map associated to Vf is [Vi)j=o, which we 
have shown to be equal to the linear extension of fj,'. 

Denote by ^columns ^j^g homology of the columns of a double complex. We 
clearly have 

^columns (Q^^^^ ^ TP°'y'-(i?)) = O^aff ^ T^"^^^' {R) 

and since Dp°^^' '{R) consists of filtered projective i?- modules with filtered projective 
homology wc also have 

^columns ^ Jjpoly,- ^j^^^ ^ ^-^^^^^ ^ ij' (DP"!^'- (i?)) 

Taking homology for the rows (and using Theorem 9.3.1) we see that induces 
indeed fj,' on homology. □ 
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9.5. The global case. 

Theorem 9.5.1. There exists a sheaf of DG-Lie algebras on X together with 
Loo morphisms 

T^^'^'-fl] ^ [[1] 

Furthermore 

(1) [ as well as the given quasi-isomorphisms do not depend on any choices.'^ 

(2) If X has a system of parameters {xi)i then the resulting map on homology 

is given by the HKR-formula. 



'(T(n) 



where di = dx 



Proof. Since all our constructions are canonical we may assume that X = Spec R 
where R is smooth of dimension d. 

The diagram (9.13) in combination with Theorem 9.4.1 furnishes us with L^- 
quasi-isomorphisms 

rp°'y'-(ii) ^ n^aff i rp°'y'-(ii) ^ n^atf i DP°'y'-(i?) ^ d'p°^^' {r) 

We now take [ to be equal to Q.R.tt i D'^^^^'^R). (2) follows directly from Theorem 
9.4.1. □ 

Proof of Theorem 1.1. Given Theorem 9.5.1 we only need to prove that if we have 
a Loo quasi-isomorphism 

between sheaves of DG-Lie algebras then Q and li are isomorphic in the homotopy 
category of DG-Lic algebras. This is done in the standard way using the bar-cobar 
construction [21, 25, 32]. 

The bar-cobar construction may be performed in any symmetric abelian monoidal 

category, in particular it can be done in the categories of presheaves and sheaves 
of vector spaces. Since the bar-cobar construction involves only colimits it is com- 
patible with sheafBfication. 

Considering ijj first as a morphism of presheaves there is a commutative diagram 
of Loo-morphisms of presheaves of DG-Lie algebras 





where c, cj)' are morphism of presheaves of DG-Lie algebras and c is a quasi-isomorphism. 



^Except for the choice of the Loo-quasi-isomorphism in the formal case satisfying the properties 
(P4)(P5) 
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SheafRfying we obtain an analogous diagram of sheaves of DG-Lie algebras 




Since shcaffication is exact c is still a quasi-isomorphism. Since ip is a quasi- 
isomorphism by assumption we obtain that (j) is a quasi-isomorphism as well. We 
conclude that G and H are isomorphic in the homotopy category of sheaves of 
DG-Lie algebras. □ 



Appendix A. Reminder on the Thom- Sullivan normalization 

The material in this section is standard. See e.g. [20] . Let fc be a field. Let S be 

a small category and let M, N : S ^ Mod(A:) be respectively a contravariant and 
a covariant functor. We define M^^N as the subset of np£Ob(S) ^{P) ^{P) 
consisting of (cp) p such that for all : P — > Q we have 

(M(0)®1)(cq) = (1®7V(0))(cp) 

inside M{P) ®k N{Q). We extend the bifunctor — ®— in the obvious way to the 
case where M, A'' take values in complexes. 

We will now consider the case where is S is the simplicial category A. If A(A[n]) 
denotes the normalized (combinatorial) cochain complex of A[n] then 

N{-) : A[n] ^ A(A[n]) 

is a contravariant functor from A to C{k). 

If now ^ is a cosimplicial fc-vector space then we may consider 

The following is well-known 

Proposition A.l. A(— ) ® is canonically isomorphic to the normalized cochain 
complex N{A) (given by the common kernels of the degeneracies) of A. 

Now fix a fc-linear DG-operad O. If A is a cosimplicial O-algcbra then N(A) will 
in general not have the structure of an O-algebra. The Thom-SuUivan construction 
repairs this defect. The idea is to replace the complexes N{A[n]) in Proposition 
A.l by quasi- isomorphic complexes which have the structure of a commutative 
DG-algebra. 

We now assume that k has characteristic zero. Think of A[n] as the afHne space 

Spec k[to, tn\/{to H \-tn-l) 

Taking the algebraic De Rham complex of A[n] yields a contravariant functor O' (— ) 
from A to commutative DG-algebras. The Thom-SuUivan normalization of a cosim- 
plicial O-algebra A' is defined as 

NiAf'^ = n-{^)®AA 

From the commutativity of r2 (A[n]) it easily follows that N{A)'^^ has a canonical 
structure as an O-algebra. 
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Proposition A. 2. [8] There is a canonical quasi-isomorphism (as complexes of 
k- vector spaces) 

N{A)^^ ^ N{A) 

The quasi-isomorphism is constructed using functorial homotopy equivalences 
r2 (A[n]) N(A[n\). The latter are obtained by integrating differential forms. 

If A is a complex of fc-vector spaces then we may consider ^ as a constant 
cosimplicial object. One easily checks that 

(A.l) A ^ N{Af^ ^ N{A) 

Appendix B. Derived global sections of sheaves of algebras 

B.l. Introduction. Let X be a topological space and fix a fc-linear DG-operad O 
for a field of characteristic zero. If ^ is a sheaf of C-algebras on X then it is easy 
to see that H' {X, A) has the structure of an H' (O)-algebra. However one would 
like to give Rr{X,A) the structure of an 0- algebra as well. 

In [22] Hinich constructs a model structure on the presheaves of O-algebras on X 
which is such that a presheaf of O-algebras is weakly equivalent to its sheafBfication. 

It follows from Hinich's construction that Rr{X, A) is quasi-isomorphic to T{X, A') 
for an arbitrary fibrant resolution A —>■ A' . In this way we obtain indeed an actual 
O-algebra representing RT{X,A). 

Note however that the choice of A' is not functorial^ and furthermore it depend 
on the operad O. In this appendix we give an alternative construction for the alge- 
bra structure on RT{X, A) (if A has left bounded cohomology) which is functorial 
and whose outcome does not depend on O. More precisely: for a complex of sheaves 
^ on X we construct a complex RT{X,A)*'°^ which is functorial in A and which 
inherits any algebra structure present on A. 

Our construction is a generalization of a construction originally due to Hinich 
and Schechtman which first replaces ^ by a (DG-)cosimplicial algebra [23, 24] using 
the Cech construction. The Thom-Sullivan normalization (see Appendix A) is then 
used to transform this cosimplicial algebra into a genuine algebra over O. It is clear 
that this procedure has the properties mentioned in the previous paragraph. 

The Hinich-Schechtman construction works well for quasi- coherent sheaves but 
must be modified in more general situations. This issue is not entirely academic 
as non-quasi-coherent sheaves do occur in nature. Examples in this paper are I 
(Theorem 9.5.1) and f2B0 (the proof of Theorem 1.1). 

Our initial idea was to replace Cech cohomology by a colimit over all hypercov- 
erings of X but as the category of hypcrcoverings is only filtered in a homotopy 
theoretic sense [2], this creates rather unpleasant technical difficulties. Luckily it 
seems we can make at least some of these difficulties go away by replacing hyper- 
coverings with pro-hypercoverings, which is what we will do in this section. 

Although below we will work in an arbitrary Grothendieck topos, for simplic- 
ity we will, in this introduction, continue to use the topological space X. Let 
Alg^(A, O) the category of O-algebra objects in Sh(X) with left bounded coho- 
mology and let Alg(C') be the category of O-algebras. We equip both categories 
with weak equivalences given by quasi-isomorphisms. We will construct a functor 
(see §B.8) 

S:Alg+(X,0)^AAlg(0) 



'It is of course functorial in a homotopy theoretic sense 
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such that the cochain complex associated to ^{A) for A £ Alg {X, O) is canoni- 
cally isomorphic to the derived gfobal sections of A when viewed as a complex of 
sheaves of abelian groups. This part does not require the presence of a basefield of 
characteristic zero. 

For the benefit of the reader we indicate how E is defined. We will construct 
a pro-object F = {Fa)a in the category of hypcrcovering of X which is homotopy 
projective (a suitable lifting property, see (B.12)) and we put 

(B.l) E(^) = inj limHom(i^„, ^) 

a 

Wc show in Proposition B.6.3 that F is unique up to imiquc isomorphism in a 
homotopy theoretic sense. This implies that S is defined up to a unique natural 
isomorphism when viewed as a functor between homotopy categories. 

It follows from Proposition A. 2 that if O is fc-linear for k a field of characteristic 
zero and we put 

Rr{X, -)*°* = N{J:{-)f^ 

then we obtain a functor 

RT{X, -)*°* : Alg+(X, O) Alg(O) 

such that the underlying complex of vector spaces of Rr{X, ^)*°* is isomorphic to 
RT{X,A) in D{k). 

In the last section of this appendix we outline the connection of our construction 

with that of Hinich in [22] . 

B.2. Simplicial objects. In this section we recall some standard constructions 
on simplicial objects. Let P be a category with arbitrary limits and colimits. We 

consider the category A"?^ of simplicial objects in V. li F E V then wc denote by 
F the associated constant simplicial object, F is a left adjoint to the functor 

F^Fo. 

We may define a bifunctor 

(B.2) - X - : A°V X A° Set ^ A°V : {F, S) ^ {F^ x S'„)„ 

where x S'„ is the |S'„|-fold coproduct of F„. If F gV then we define F x S as 
F X S. It is easy to see that any object F S A°V is a coequalizer of the form 

(B.3) IJ[i]^y]eA Fj x ^ Ui Fi x A[*] F 

The functor V x A° Set A°V ■.{F,S)^FxS has a right adjoint in its second 
argument given by a bifunctor. 

(B.4) (A° Set)° X A°V ^V:{S,F)^ Hom(5', F) 

which is the unique functor such that Hom(— sends colimits to limits and 
Hom(A[n],f) =F„. 

The associated derived functor 

(A° Set)° X A°r A°V : {S, F) ^ Bam{S, F) 

defined by 

Hom(S', F)n = Hom(A[n] x 5, F) 
is the right adjoint in the second argument to (B.2). 
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For F e /S.°V write F x I = F x A[l] (the cylinder object of F) and F^ = 
Hom(A[l],F) (the path object of F). 

The category A°V is enriched in sirripUc;ial sets (it is a so-called sirnplicial cate- 
gory). Let F,G G A°V. Then the sirnplicial set Honi^o-p(F, G) is defined by 

Hom^op(F, G)n — HomA°-p(-F x A[n], G) 

Define the honiotopy category Ho(A°P) of A"!^ by 

(B.5) HomHo(A°p) (-P"j G) = connected components of Hom ^o-pfF, G) 

In the sequel we will use the terminology exhibited in the next definition. 

Definition B.2.1. (1) Two maps /o,i : F ^ G in A°V are strictly homotopic 
if there is a map f : F x I ^ G such that the ft is the composition of 

F = Fx A[0] ^ F X A[l] ^Fxl ^G. 

(2) Two maps /o,i : F ^ G in A°V are combinatorially homotopic if they 
can be connected by a chain of strict homotopies and their inverses, or 
equivalently if they represent the same maps in Ho(A°'P). 

(3) A map / : F ^ G in A°P is a combinatorial homotopy equivalence if there 
is a map g : G ^ F such that fg and gf are combinatorially homotopy 
equivalent to the identity, or equivalently if / is invertible in Ho(A°P). 

Lemma B.2.2. Let F e A°V. Then the functors 

F X - : A° Set ^ A°r 

Hom(-,F) : A° Set ^ A°V 

preserve strict homotopy equivalent maps ( and hence also combinatorially homo- 
topic maps and combinatorial homotopy equivalences). 

Proof. Let us consider the second functor. Let /' : S* x / — > T be a homotopy 
between maps /o,/i : S ^ T between simplicial sets. Let /', /o,/i be the maps 
obtained applying Hom(— , F). Since 

Hom fg X 7, F) = Hom(S', F)^ 

we obtain that /' is a map Hom fT. F) Hom(5, F)^ which yields a map Hom(T, F) x 
/ Hom(S', F). It is easy to see that this is a homotopy between /o and /i. □ 

Corollary B.2.3. The "constant path" map F F^ is a combinatorial homotopy 
equivalence. 

Proof. This follows from the fact that it is obtained from the combinatorial homo- 
topy equivalence A[l] A[0] in A° Set. □ 

The following is standard. 

Lemma B.2.4. Assume that Q is abelian. For F G A°Q let C^,{F) be the usual 
(unnormalized) chain complex of F. If f,g : F ^ G are strictly homotopic maps 
in A°V then G*(/) and C^{g) are homotopic. 

The following is standard as well. 

Lemma B.2.5. Let /o,/i : F ^ G be strictly homotopic maps in A°V. Then the 
induced maps Z/o,Z/i : ZF — »• ZG are strictly homotopic as well. 
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Proof, fo, fi are induced from a homotopy f : F x I ^ G. Since the functor 
W ^ lAV is a left adjoint it commutes with coproduct. Hence Z(_F x J) = (Z_F) x /. 
Thus /' yields a homotopy in A°Vi, Z/' : {ZF) x I ^ ZG. It is easy to see that 
Z/' induces Z/o, Z/i. □ 

Definition B.2.6. Let f : F H, g : G ^ H he in A°V. The homotopy fiber 

h 

product F Xh G is the limit of the following diagram. 




h h 

If Po : F Xh G ^ F, pi : F Xh G ^ G are the resulting projection maps then 
clearly f opo and g opi are strictly homotopic. 

Definition B.2.7. Similarly ii f,g : F G are maps in A°P then we define the 
homotopy equalizer of / and g as the limit of the following diagram 



^G 



Let be the simplicial category truncated in dimension n and let (— )<« 

denote the truncation functor /SPV A-"'°7^. The right adjoint to (— )<n is the 
coskeleton functor denoted by cosk„. Concretely 

(cosk„ G)m = Hom(A[m]<„, G) 

The truncation functor also has a left adjoint which is denoted by sk„. If e 
A-"'°P then using the truncated version of (B.3) we see that sk„ F is the coequal- 
izer in A°V of 

IJ[i]^[,]6A<" X AW ^ Ui<n X AW 

As is customary we will also use the the notations sk„, cosk„ for the compositions 
sk„o(-)<„, cosk„o(-)<„. 

B. 3. Grothendieck topoi. From here on is a Grothendieck topos [2]. This 
means that V has properties very reminiscent of those of the category of sets. By 
Giraud's theorem [2] V may be realized as the category of sheaves on a small site 

C. Therefore we sometimes we refer to the objects of V as "sheaves". Recall that a 
site is a category C equipped with a so-called Grothendieck topology. I.e. for every 
A E C there is a collection Ta of subfunctors of C(— , A) (called coverings) satisfying 
the axioms of [2, Def 1. 1.1]. 

We recall the following standard result (see e.g. [29, Prop. 6.20]). 
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Lemma B.3.1. Let C be a small site and let Prc(C) and Sh(C) he respectively 
the categories of presheaves and sheaves on C. Let a : Pre(C) — > Sh(C) be the 
sheaffification functor. For F G Pre(C) define \F\ = Z^cec 1-^(^)1- 1^1 
sum of the cardinalities of the Horn 'sets in C. Then we have the following bound 

(B.6) < |C|(2|F|)I'^I 

If a =2^ where b > niax(|C|, |N|) then \F\ < a implies \aF\ < a. 

Proof. To prove (B.6) we may assume that F is separated. Indeed if we identify 
sections in F which are locally identical then we only reduce |F|. 
So assume that F is separated. For any P e C we have 

(aF) (P) = inj lim Hom^eTp {R, F) 

Thus 

|aP|<^|HomKerp(P,P)| 

Pee 

Since the existence of identities implies | Ob(C)| < \C\ we deduce from this 

\aF\ < |C|2l^l|F|l'^l 

which yields (B.6). 

Thus if |P| < with o as in the statement of the lemma. 

(B.7) \aF\ < al"^! = 2''l<^l = 2" = o □ 

Lemma B.3.2. Let V be the category of sheaves over a small site C. Put 

V, = {F ^V\\F\< a} 

where a is as in Lemma B.3.1. Then Va is closed under finite limits, finite colimits, 
epimorphisms and monomorphisms. 

Furthermore Va satisfies the following cofinality property. For any epimorphism 
f : F ^ Gq with Go G Pa there exists a map Fq ^ F such that Fq G Va (^nd the 
composed map Fq — > Go is an epimorphism 

Proof. This follows easily from Lemma B.3.1 and the corresponding results for 
presheaves. □ 

Let Vz be the category of abelian group objects in V. 

Lemma B.3.3. (1) Vz is a Grothendieck category. 

(2) The forgetful functor Vz V has a left adjoint. 

(3) If F,G € Vz then the functor of bilinear maps Bilin(P x G, — ) is repre- 
sentable by an object P0G. In this way Vz becomes a symmetric monoidal 
category. 

Proof. These facts may be proved by realizing V as the category of sheaves on a 
small site C. Then Vz is precisely the category of sheaves of abelian groups and the 
statements are standard. □ 

We will denote the left adjoint to Cz — > C by P i— > ZP. If e is the final object of 
V then we write Z for Ze. 
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B.4. Hypercoverings. We recall briefly some results about hypercoverings. An 
object F in A"?' is a hypercovering if for all m the the canonical morphism 



is an epimorphism (see e.g. [14, §1.1]) and if the map of Fq to the final object e or 
V is an epimorphism as well. Similarly F € A-""?' is a truncated hypercovering if 

(B.8) holds for m < n — 1. 

There are many equivalent characterizations for the notion of a hypercovering. 
Put 9A[n] = sk„_i A[n]. The following is a direct translation of the definition. F 
is a hypercovering if and only if for all n the morphism 



is an epimorphism and if _fo ^ e is an epimorphism. This is called the local lifting 
property. From this way of writing the definition we see that if V has enough points 
[2] then F is a hypercovering if and only for every point p the simplicial set {p*Fn)n 
is non-empty, acyclic and Kan. 

Remark B.4. 1 . The' definition of hypercovering we use is in fact a slight modification 
of the one used by Verdier (which depends on a site representing V). For the original 
definition see §B.10 below. 

The following result follows from [2, Lemma V.7.2.1]. 

Proposition B.4.2. Let F € A°V be a hypercovering. Then the chain complex 
C.,{'LF) associated to ZF is acyclic in degrees > and its cohomology is equal to 
Z in degree zero. 

Note that this result is clear if V has enough points since in that case we may 
check it on stalks (see [3]). 

We will frequently use the following results which are proved in the same way 
as for acyclic Kan simplicial sets. In case V has enough points, they can also be 
checked on stalks. 

Proposition B.4.3. (1) Let F he a hypercovering and S a finite simplicial 
set (i.e. S has only a finite number of non-degenerate simplices). Then 
Hom(S', F) is a hypercovering. In particular the path object of F is a hy- 
percovering. 

(2) Homotopy fiber products and homotopy equalizers of hypercoverings are hy- 
percoverings. 

We quote some results from [3]. 

Proposition B.4.4. [3] Let G be a hypercovering and let ipo ■ Fq ^ G<„ be a 
morphism of hypercoverings trunctated in degree n. Then there is a hypercovering 
F and a morphism of hypercoverings ip : F ^ G such that ip<n is equal to ipo . 



If F e A°V then Dn{F) = U^..[n]^[m] suri,m<n(^Fm C F„. We Call DniF) the 



degenerate part of Fn ■ We say that F is split in degree n if D„ (F) has a (necessarily 
unique) complement Nn{F) in V. Nn{F) (if existing) is the non- degenerate part of 



(B.8) 



Fm+l (C0sk„ F)m+1 



(B.9) 



Hom(A[n],F) ^ Hom(5A[n],F) 
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If F is split up to degree n then one may write 

Fn= U aNmiF) 

a:[n]—*-[m] surj 

The following proposition shows that we may restrict ourselves to split hypercov- 
erings, if necessary. 

Proposition B.4.5. [3] Assume that G is a hypercovering in V split up to degree 
n. Then there exists a map ip : F ^ G where F is a split hypercovering in V and 
il)<n is the identity. 

The next propositions shows that we may arbitrarily refine the non-degenerate 
part of a split hypercovering. 

Proposition B.4.6. [3] Let G be a split hypercovering in V and let (f) : N' ^ Nn(G) 
he an epimorphism. Then there exists a map ip : F ^ G of split hypercoverings in 
V such that ip<n-i is the identity and furthermore Nn{F) = N' in such a way that 

ipn restricts to the m,a,p (j). 

Throughout we fix a full small subcategory Vq of V which is closed under finite 
limits, finite colimits, monomorphisms and cpimorphisms and which satisfies the 
cofinality condition of Lemma B.3.2. Such a Vo may be constructed by taking Vq 
to be a skeletal subcategory of some Pa where Va is as in Lemma B.3.2. 

H{V) is the category of hypercoverings in V and H{Vo) is the full subcategory 
of hypercoverings F such that F„ G Vq for all n. 

Lemma B.4.7. IfG G W('P) then there exists F e W('Po) together with a morphism 
F^G. 

Proof. Wc construct F step by step. Our first step is to select a map Fq G such 
that the composition Fq — > Go — > e is an epimorphism using Lemma B.3.2. We 
then extend Fq to a map of hypercoverings F' ^ G using Proposition B.4.4. Using 
Proposition B.4.5 we may assume that F' is split. 

Assume now that we have constructed a map of hypercoverings F' G such 
that F/ e Vo for i < n. Assume in addition that F' is split. 

Consider the epimorphism -F^^j^ (cosk„ F')„+i. We have (cosk„ _F')„+i G Pq 
since the construction of the coskeleton involves only finite limits. Let N be the 
image of Nn+i{F') in cosk„F' and choose Nq g Pq together with a map A^o 
Nn+i{F') such that the composition A^o — > Nn+i{F') — »• A' is an epimorphism. Put 

(T:[n+1] — >[m] surj, ?n<n 

and extend the truncated hyperovering F^'^;^, F„, . . . , Fq to a hypercovering F" 
mapping to F' using Proposition B.4.4. Then F" coincides with F' in degrees < n 
and is in Pq in degrees < n + 1. Using Proposition B.4.5 we may assume that F" 
is split. Repeating this procedure we ultimately construct the desired F. □ 

B.5. Pro-objects. Recall that if T> is any category then Pro 2? is the category with 
objects denoted by formal symbols " proj lim^gj Ai where 1° is a (small) filtered 
category and A is a functor /—>!>. The Hom-sets are given by 

HomprocC proj lim^gj Aa ," proj lim^J^g^ Bp) = proj liminj limHomx>(Aa, B/j) 

/3 a 
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Below we will omit the quotes around proj lim. 

By [3, §A.4.4] Pro 2? is closed under filtered inverse limits. By [3, Cor. 3.3] 
any finite diagram D — > Pro I? where D is directed ("contains no loops") is the 
image of an object in ProFun(D, Informally we say that the diagram can be 
constructed "levelwise". [3, Prop. A. 4.1] states that limits and colimits of finite 
levelwise defined limits of pro-object can be computed levelwise as well. 

Let L^D) be the category of left exact covariant functors V — » Set. Then there 
is fully faithful embedding 

(B.IO) ProD L{V)° : {Aa)a '-^ inj lim Homi, ( , -) 

a 

The construction of filtered inverse limits in Pro 2? in [3, Prop. A. 4. 4] shows that 
the functor (B.IO) commutes with filtered inverse limits. In particular the objects 
in 2? are "cofinitely presented". Let (Fi)ig/ be a filtered inverse system of objects 
in PtoV and F gV. Then 

(B . 11 ) Hompro V (proj lim , F) = inj lim Hompro x> (Fj , F) 

i i 

Below we will work in (full) subcategories of Pro A"?-*. It is clear that Pro A°'P is 
a simplicial category (it may be enriched in simplicial sets). The functors — x S 
and Hom(5, — ) for S G A° Set may be extended to ProA°P and they remain 
adjoints. In particular cylinder and path objects exist in ProA°'P and we may 
define homotopy fiber products and equalizers in ProA"?^. 

It also clear that the Definition B.2.1 make sense in this context and furthermore 
we can define Ho Pro A"?' using the formula (B.5). 

B.6. Pro-hypercoverings. We consider the full subcategory Pro 7i(2') of Pro A°2'. 
We refer to the objects in ProW('P) as pro-hypercoverings. 
We note the following generalization of Proposition B.4.3. 

Proposition B.6.1. (1) Let F be a pro-hypercovering and S a finite simplicial 
set (i.e. S has only a finite number of non-degenerate simplices). Then 
Hom(S', F) is a pro-hypercovering. In particular the path object of F is a 

pro-hypercovering. 

(2) Homotopy fiber products and homotopy equalizers of pro-hypercoverings are 
pro-hypercoverings. 

Proof. (1) follows directly from Proposition B.4.3(l) and (2) follows from Proposi- 
tion B.4.3(l) and the fact that the diagrams for computing homotopy fiber products 
and equalizers can be constructed levelwise (see §B.5). □ 

We say that F G ProW(7^) is homotopy projective (with respect to 'H{V)) if 
every diagram of solid arrows 

(B.12) F 

c — >c 

in ProW('P) with C, C S W('P) can be completed with a dotted arrow in ProW('P) 

such that the resulting diagram is commutative in Ho Pro7i('P). Let us denote the 
category of projective pro-hypercoverings by Proj7i('P). 
The following is our main technical result. 
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Proposition B.6.2. For every pro-hypercovering F there exists a map of pro- 
hypercoverings F* ^ F such that F* is homotopy projective. 

Proof. The proof is adapted from the proof of [5, Thm 2.7]. Let Vq C V he as in 
§B.3 but choose Vq large enough such that F G ProTt{Po) (up to isomorphism). 
This may be done by choosing the cardinal a in Lemma B.3.2 large enough. 

We will temporarily work in ProW('Po)- We start by well-ordering the diagrams 
in ProW(Po) 

F 



c 



with C, C G -HiVo). 

We construct an ordinal sequence 

(B.13) ■ • • ^ 



Fx 



in ProH('Po) as follows: Fq = F; at a limit ordinal A let F\ = proj lim^^_^ F^. To 
define Fx for a successor cardinal A = /i + 1 let C" ^ C ^ F be the least diagram 
(if existing) for the well ordering such that the diagram of solid arrows 



^F 



Y 

c 



cannot be completed with the dotted arrow. 

h 

Put Fx = C Xc Ff^. Then the resulting diagram 



Fx 



■F 



C 



is commutative in Pro7i(Po) up to a strict homotopy. 

Since Ti-iVo) is small it follows that this procedure has to stop for some ordinal 
a. Put F" = Fcr Then it follows that any diagram of solid arrows 




can be completed with the dotted arrow up to a strict homotopy. 
Now define a sequence 

— >fI^Fq = f^ 



50 



MICHEL VAN DEN BERGH 



where F^_^ = (F^)" and put F* = proj lim„ F^. We claim that any diagram of soHd 
arrows 

(B.14) F* 

c — >c 

with C, C e TiiVo) can be completed with the dotted arrow up to a strict homo- 

topy. Indeed by (B.ll) the vertical map is obtained from some map F^ —>■ C. But 
then by construction we may factor F^^i through C . 

We now claim that F* is homotopy projective. So we consider a solid diagram as 
in (B.14) but now we only require C, C e H{V). We have F* = proj lim(i^*)ag^ 
with F* G ?i(Po)- So the vertical map in (B.14) is obtained from some map 
i^* — > C. Put D = F*. By Lemma B.4.7 we can construct a map of hypercoverings 

h 

D' ^ C xc D with D' G HiVo)- We may then construct a diagram in Pron{V) 




D' ^ D 



C >C 

which is commutative in HoProW('P). This finishes the proof. □ 

Let W be the set of maps in HoProW('P) between homotopy projectives. We 
have the following result: 

Proposition B.6.3. For any F,G€ PioH{'P) with F homotopy projective there 
is precisely one map F ^ G in W^^ Ho Pro H{'P). 

Proof. 

Step 1. li f,g : F —y G are maps in ProH(7') and F is homotopy projective then 
the images of / and g are the same in W"^ HoProW('P). 

To see this let K' ^ Fhe the homotopy equalizer of / and g and let K ^ K' he a, 
homotopy projective object mapping to K (constructed using B.6.2). li k : K ^ F 
is the composed map then fk and gk are the same in HoProW('P) . Since k is in 
W this implies that / and g are the same in HoProW('P) 

Step 2. Any map / : F — > G in HoPro'W('P) with F homotopy projective 
can be written as vu~^ where u, w fit in a diagram in Pro W('P) 



U 




F G 

with U homotopy projective. 
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It is easy to see that it is sufficient to prove that if / is of the indicated form then 
so is w~^f with w : H ^ G in W. To see this we make the following commutative 
diagram in HoProH('P). 



K 




U H 




F G 



where K' = U Xq H and K is homotopy projective. Then in HoPro'H('P) we 
have wk2 = vki and thus in W"^ HoPro'H('P): 'w~^v = fc2fcf"^. Hence = 

Step 3. If F,G G PtoH{V) with F homotopy projective then there is at most one 
map F^Gin W''^ HoProW(P). 

Assume that there are two maps vu~^, v'u'~^ with "middle objects" U and U' as 
in Step 2. Let U" be a homotopy projective mapping to U x U' (using Proposition 
B.6.2) . Using Step 1 we have a commutative diagram in W^^ HoPro7i(P) 



U 




F ^u"- U" -v"^ G 




U' 



from which we obtain vu ^ = v"u" ^ = v'u' ^ . 

Step 4. If F, G e Pro'H(7-') with F homotopy projective then there is precisely 
one map F ^Gm W"^ HoProW(7'). 

By Step 3 we only have to show that there is a map F ^ G. Let ii' be a 
homotopy projective mapping to F x G. Denote the maps of ii' to F and G by u 
and V. Then vu~^ is the required map. □ 

Let ProjHoPro7Y(P) be the full subcategory of Ho Pro ^('P) consisting of ho- 
motopy projective objects. The same proof as the previous proposition, replacing 
HoProW(7') by Proj Ho Pro W('P) yields the following result. 

CoroUciry B.6.4. The category W"^ ProjHoProW('P) is equivalent to the single- 
ton category. I.e. the category with one object and one (identity) arrow. 
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B.7. Complexes of sheaves of abelian groups. For an abelian category A let 
C{A) be the category of cochain complexes over A. 

Let us say that contravariant functor H : V ^ Ab is weakly effaceable if for 
every G G V and for every h S H{G) there exists an epimorphism (j) : F ^ G in V 
such that H{(j}){h) = 0. 

We say that a contravariant functor H : H{V) — >■ Ab is weakly effaceable if for 
every G e H{V) and for every h G H{G) there exists a map of hypercoverings 
(l):F^G such that H{(j)){h) = 0. 

We will need the following result. 

Lemma B.7.1. Let : "P — > Ab be a weakly effaceable functor which sends finite 
coproducts to products and let G be a hypercovering. Let m e Z and let a S H{Gm)- 
Then there exists a map of hypercoverings tjj : F ^ G such that if(V'm)(a) = m 



and hence a = T,a:[m]^[p] surj ^-a^ where e HP{Np{G)). 

Let TV' Np{G) is an epimorphism which effaces ao-. Using Proposition B.4.6 
we may refine G to a split hypercovering G' whose non-degenerate part is N' in 
degree p and which is unchanged in lower degrees. 

Starting with the maximal p such that Op =/= and work our way down we 
eventually find a hypercovering in which the image of all Op is zero. □ 

Corollary B.7.2. If H : V ^ Ab is weakly effaceable and sends finite coproducts 
to products then for all m the functor HCP) — > Ab : G i— > H{Gm) is effaceable as 
well. 

Lemma B.7.3. For all acyclic complexes C G C{Vz) the functor H° {Rom{— , jC)) : 

V Ab is weakly effaceable. 



Proof. Let a G i?°(Hom(G, £)) with G G P. Thus a is represented by a map 
G ker(£° C^) = im(£-i ^ Let f be the pullback of the diagram 

£-1 



Then F — > G is an epimorphism and the image of a in i?°(Hom(F, £)) is zero. □ 

If A is a cosimplicial abelian group then as usual we denote by C*{A) the (un- 
normalized) cochain complex associated to A. If A is a cosimplicial object in the 
category of complexes of abelian groups then by C*{A) we will denote the total 
(product) complex of the double complex with rows G*{A^). 

If F G A°V and £ is a complex in then by Hom(F, £) we denote the cosim- 
plicial object in the category of complexes of abelian groups defined by 




Gm= II <7Np{G) 



(r:[m]— >[p] surj 



G 



^£0 



Hom(F,£)" = Hom(F„,£) 




Rom(CJZF)X) = G*(Hom(F,£)) 
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where the left hand side is the usual differentially graded Horn of complexes. 
For £ G we define He : n{V) Ab as the functor H^{C*(Rom{-, £))). 

Lemma B.7.4. If C gVz is acyclic then the functor He is weakly effaceable. 

Proof. Assume a S Hc{G) is represented by a morphism 

a:C^{'LG)^C 

Let Nt, (ZG) be the normalized chain complex of G (i.e. the quotient of C* (ZG) by 

the images of the degeneracies). It follows from the proof of [35, Thm 8.3.8] that 
the canonical map C* (ZG) — > N^, {ZG) is a homotopy equivalence. Indeed the proof 
shows that the kernel D of this map is of the form IJp^p such that Dp_^_i/Dp is 
contractiblc. Therefore D is itself contractible which is sufficient. 
Hence up to homotopy we may view a as a map 

b : N^{ZG) C 

Without loss of generality we may assume that G is split. Then Nt{ZG)n = 
ZN„{G). 

We must construct a map of hypercoverings (p : F G and a homotopy h : 
N^{ZF) ^ C[-l] such that bo(j) = dh + hd. 

We will construct F and h step by step. Suppose we have constructed a morphism 
of split hypercoverings (j)' : F' ^ G and maps h[ : ZNi{F') d+i for i < n such 
that b'i = dh[ + h[_id for i = 0, . . . , n — 1 where &' = 6 o </>' and h'_i = 0. 

Put c = b'^-h'^_-^d. Then dc = 0. Thus c defines an element c of iI°(Hom(iV„(F'), £[ 
By Lemma B.7.3 there exists an epimorphism f : N' —> Nn{F') in V which effaces 
c. 

By Proposition B.4.6 there is a map of split hypercoverings ij) : F" ^ F' such 
that ip<n-i is the identity and furthermore Nn{F") = N' in such a way that ipn 
restricts to the map /. 

Put h'/ = h'iOtp, b'l = b'iOtj;. Then still b'/ = dh'l + h'l_-^d for i < n but now 

&" — h',[_id is of the form lift" for some map ft," ; ZNn{F") —>■ jCn+i- Repeating this 
procedure wc ultimately construct the desired F and h. □ 

Below a contravariant functor H : 7i{V) — > Ab will be extended implicitly to a 
contravariant functor ProW('P) Ah by putting 

if(proj limFa) = injlimfl'(Fc) 

Let us say that a contravariant functor H : TiiV) — > Ab is homotopy insensitive 
if it factors through Ho7Y('P). This is equivalent with demanding that H inverts 
constant path maps. Since this condition lifts to pro-objects it follows in particular 
that H extends to a ftmctor IIoPro7i('P) Ab. 

Lemma B.7.5. Hc{—) is homotopy insensitive for any C G C{Vz)- 

Proof, li F & 'H{P) then according to Corollary B.2.3, the constant path map 
F —y F^ is a, combinatorial homotopy equivalence. It follows from Lemma B.2.5 
that ZF Z{F^) is a combinatorial homotopy equivalence in A°7'z. 

Hence by Lemma B.2.4 the induced map G*(ZF) — > G,(ZF^) is a homotopy 
equivalence. It follows that Hom(G*(Zi^^), £) — > Hom (Gj.(Zf ), C). is a homotopy 
equivalence. Then formula (B.15) finishes the proof. □ 
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Lemma B.7.6. Let H : HiV) Ab be a homotopy insensitive weakly effaceahle 
functor. Then for any homotopy projective F e HoProW(P) we have H{F) = 0. 

Proof We have F = proj lim„g^ F„ with F„ G and H{F) = inj lim„ H{Fa). 

Let h G H{F). Then /i is represented by some ha & H{Fa). Since H is weakly 
efFaceable there exists a map of liypcrcoverings F' F^ such that the image of ha 
in H{F') is zero. Since _F is liomotopy projective the map F Fa factors through 
F' in HoProH(P). This imphes that h is zero. □ 

If F is the pro-object (Fa)a then we define 

C*(Hom(F,£))pro = injhmC*(Hom(Fc«,'C)) 

a 

and 

C*(Hom(F,/:)) = C*(injhmHom(F„,/:)) 

a 

We show below that C*(Hom(F, £))pro is well-behaved in its first argument and 
C*(Hom(F, £)) is well behaved in its second argument. Furthermore there is an 
obvious map 

C*(Hom(F,/:))p,.o ^ C*(Hom(K/:)) 

which is an isomorphism if C has left bounded cohomology (see Lemma B.7.9 be- 
low). 

Proposition B.7.7. If f : F ^ G is a map between homotopy projective pro- 
hypercoverings then Hc{f) is invertible for any C e C{Vz)- 

Proof. Note first that 

(B.16) Hc{F) = ijO(C*(Hom(F,£)p,o) 

As Vz is a Grothendieck category there is a quasi-isomorphism q : C ^ £ where £ 
is homotopy injective [1]. Le. Hom -p_(Q, £) is acyclic for every acyclic Q. 

Using Proposition B.4.2 and formula (B.15) we obtain that for any hypercovering 
E the canonical map 

C*(Hom(F,£:)) Homp,(Z,£') 

is a quasi-isomorphism. Taking direct limits we obtain that for any pro-hypercovering 
E we have a canonical quasi-isomorphism 

(B.17) C*(Hom(F,£))p™ ^ Homp,(Z,£) 

Let C be the cone of q. Then C is acyclic. We obtain a morphism of distinguished 
triangles in _ft'(Ab) (the homotopy category of Ab): 

C*(Hom(F,£))p,o ^ C*(Hom(F,f:))p,o ^ C;*(Hom(F,C))p,o > 



C*(Hom(G,£))p,o ^ C*(Hom(G,£))p,o ^ C*(Hom(G,C))p™ > 

By Lemmas B.7.4,B.7.5,B.7.6 and (B.16) C*(Hom(F,C))pro and C*(Hom(G,C))pro 
are acyclic. By (B.17) the middle vertical map is a quasi-isomorphism. Hence it 
follows that the left most vertical map is a quasi-isomorphism as well. □ 

Lemma B. 7.8. Assume that F G Pro7i(Pz)) is homotopy projective. If C G C('Pz) 
^5 acyclic then we have that C*(Hom(F, £)) is acyclic. 
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Proof. Let the index of C be denoted by q G Z and let the index of an object in 
niV) be denoted by p e N. Let H be the functor Ab given by 

if(G)=0FP(if«(Hom(G,£))) 

By Lemma B.7.3 and Corollary B.7.2 we see that W = iJ^(Hom(— , £)) is weakly 
effaceable. Thus U = ®qU'^ is weakly effaceable as well. By an argument similar 
to Lemma B.7.5 we deduce that H^^{U) is homotopy insensitive. Thus we conclude 
that H is both weakly effaceable and homotopy insensitive. By Lemma B.7.6 we 
conclude H{F) = for F e HiV) and hence for F e ProW(P). 

Hence the E2 term of the spectral sequence computing the cohomology of C* (Hom(i^, 
vanishes. Either by invoking the correct convergence criterion or by a direct dia- 
gram chase (which the author did) this implies that C*(Hom(F, £)) is acyclic. □ 

Let C~^{Vz) be the full subcategory of C{Vi) consisting of complexes with left 
bounded cohomology. 

Lemma B.7.9. Assume that C G C"'"('Pz)- Then the canonical map 

C*(Hom(F,£))p,o ^ C*(Hom(F,£)) 
is a quasi-isomorphism. 

Proof. Choose a quasi-isomorphism C ^ £ \:o a left bounded complex of injectives 
£. Let C be the cone. Then we have the following morphism of distinguished 
triangles in K{Kh) 

C*(Hom(F,/:))pro ^C*(Hom(F,f))pro ^ C*(Hom(F, C))pro ^ 



C*(Hom(K/:)) ^C*(Hom(F,f)) ^ C*(Hom(F,C)) ^ 

By Lemmas B.7.5,B.7.4,B.7.6 and Lemma B.7.8 C*(Hom(F, C))^,^ and C*(Hom(F, C)) 
are acyclic. Furthermore since £ is left bounded it is easy to see that the middle 
map is an isomorphism. Hence the left most map is a quasi-isomorphism. □ 

For a homotopy projective F in ProW('P) let Hi? be the functor 

Hf : C{Vi) AC(Ab) : C ^ Rom{F, C) 

Lemma B.7.10. The functor C* oUp sends weak equivalences to quasi-isomorphisms. 

Proof. By considering the cones of quasi-isomorphisms, it is sufficient to prove that 
for any acyclic C e C{Vz) we have that C*(Hom(F, £)) is acyclic. This is precisely 
Lemma B.7.8. □ 

The following proposition is the raison d'etre for the fimctor Hp. 

Lemma B.7.11. When restricted to C'^{Vi) the composition C*oI\.p is canonically 
isomorphic to RHom7?j.(Z, — ). 

Proof. If £" is a left bounded complex of injectives then 

C*(Hom(F,£:)) = C*(Hom(F,£:))pro 
and the latter is equal to liom-p^{Z,£) by (B.17) □ 



56 



MICHEL VAN DEN BERGH 



B.8. Sheaves of algebras. In addition to the above notations, in this section 
0{n)n will be a fixed DG-operad of abelian groups. We write Alg{0) for the 
category of O-algebras. 

Since by Lemma B.3.3 Vz is a symmetric monoidal category we may speak of 
O-algebra objects on V. We define Alg(7', O) as the category of O-algebras in V. 

We make the following definitions. 

(1) A weak equivalence in Alg(7', O) is a quasi-isomorphism. 

(2) A map ^ ^ S in A Alg(e)) is a weak equivalence if C*{A) — > C*{B) is a 
quasi-isomorphism. 

Following custom the classes of weak equivalences will be denoted by W. Note that 
HFeVandAG AlgiV, O) then by construction Hom(F,^) e A Alg(e'). Let 
be the bifunctor 

: ProW(P) X Alg(7',0) ^ A Alg(O) : A ^ liom{F,A) 

Let VV^P be the constant path maps in Pro'H(P). Let A\g+(V,0) be the fuU 
subcategory of Alg('P, O) whose objects have left bounded cohomology. 
According to Lemma B.7.5 and Lemma B.7.10 we obtain a bifunctor 

: W^P'-i Pro n{V) X Alg(P, O) ^ W"^ A Alg(C') : A ^ Hom(i^, A) 

and hence a bifunctor 

: Ho Pro ^(7?) x Alg(7',C') ^ >V-^AAlg(0) : ^ Hom(F, ^) 

n* restricts to a bifunctor 

: Proj Ho PvoH{V) x Alg(P, O) ^ W'^A Alg(C>) : A ^ Hom(i^, A) 

Using Proposition B.7.7 we obtain a bifunctor 

H* : W-^ProjHoPro7^(P) x Alg(P, O) ^ >V-^AAlg(0) : .4 Hom(i^, ^) 

By Corollary B.6.4 the first argument of H* is now a singleton category. 

Below wc define S = n*(_F, — ) for an arbitrary pro-hypcrcovcring F. It follows 
from the above discussion that S is well defined up to a unique natural isomorphism. 
It follows from Lemma B.7.11 that the following diagram is commutative 

Alg+(P,0) AAlg(O) 
C{Pz) > D{Ah) 

RHoinp2.(Z,-) 

where the left arrow is the forgetful functor. 

Let F E Pro7i(P) and A G Alg^(C'). Choose an arbitrary projective pro- 
hypercovering P. According to Proposition B.6.3 there is a unique map P — > in 
Pro W('P). In this way we obtain a canonical map 

(B.18) Hom(F,y4) ^ Hom(P,^) ^ T,A 

in W-^AAlg(e)). 

Proposition B.8.1. Assume A € Alg+{V,0) andF e n{r) is such that'&y±\,^{ZF„ 
for allm > 0, n € Z and i > 0. Then (B.18) is an isomorphism in W~^A Alg(O). 
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Proof. We have to show that 

C*(Hom(F,^)) ^ C*(Hom(P,^)) 

is a quasi-isomorphism. By formula (B.15) and our vanishing hypotheses we obtain 
C*(ilom{F,A)) ^ RHonipjZ,yt). It follows from Lemma B.7.11 that C*(Hom(P, ^)) 
RHom-p^ A) as well. □ 

B.9. Cech cohomology. In this section we discuss the important special case of 
Cech cohomology. Let X be a topological space and let U = {Ui | i e /} be an 
open covering of X. As usual we identify U S Opcn(X) with the representable 
sheaf Homopen(jf)(~: U). Then the unordered Cech covering of X is the simplicial 
sheaf on X which in degree m is equal to 



It is well-known and easy to see that this a hypercovering. 
If given an ordering on I we may also define 

C°{U)^ = II Ui,n---r\Ui^ 

io<---<im 

Note that the inclusion map 

C"{U) C{U) 

is a map of simplicial sheaves. 

Let A & Alg^(7-*, O). The unordered and ordered Cech complexes of A are 
respectively defined as the cosimplicial complexes of O-algebras 

Ch(W,^) =Hom(C(W),^) 
^^■"^^^ Ch°(Z^, A) = Rom{C"{U),A) 

Lemma B.9.1. Assume that for all m > 0, {io, ■ ■ ■ , im} C I, j > and n gZ we 

have 

H\Ui,n---nUi^,A^) = o 

Then 

Ch{U,A) ^ Ch''{U,A) ^ S(^) 

in W-'^C+{Vz). 

Proof. Since Ch{U, A) is a hypercovering the isomorphism Ch{U, A) = ^{A) follows 
from Proposition B.8.1. 

The ordered Cech covering is not a hypercovering but nevertheless, by looking 
at stalks, it is easy to see that C*{ZC°{U)) is a resolution of the constant sheaf 
Zx ■ From this we deduce that source and target of the map 

C*{Ch°{U,A)) ^Ch{U,A) 

compute RHom(Zx, Hence it is a quasi-isomorphism. □ 
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B.IO. Relation to Hinich's construction. Wc now assume that V — Sh(C) for 
a small site C. A presheaf over C is said to be semi-representable if it is a coproduct 
of representable presheaves. We will say that a simplicial presheaf is a presheaf- 
hypercovering if the associated simplicial sheaf aF is a hypercovering in the above 
sense. We will say that F is a Verdier hypercovering if each F„ is semi-representable. 
We denote the corresponding categories by H^''''(C) and H^{C). 

If U G C then a simplicial presheaf F with an augmentation F ^ U will be 
called a Verdier-hypercovering of J/ if F is a Verdier-hypercovering of U in the site 
C/U. 

Following [22] we say that a complex of presheaves is fibrant if if for any U G C 
and for any Verdier-hypercovering F ^ U we have that M{U) — > C*(Hom(F, M)) 
is a quasi-isomorphism. 

Hinich proves under some hypotheses on O (which hold if O is fc-linear over a 
field of characterstic zero) that for any presheaf of O-algebras A there is a map 
of presheaves of C-algebras A' with A' fibrant which is a quasi-isomorphism 
after sheafHcation. The derived global sections of A are then given by Hom(F, A')'^^ 
for a Verdier hypercovering F of e. If e itself is in C then wc may consider it as 
its own hypercovering and in this case we may dispense with the Thom-Sullivan 
normalization. I.e. we may define the derived global sections of A as A'{e). 

We will show that in case ^ is a sheaf of 0-algebras with left bounded grading 
this yields the same result as our construction. Mimicking the proof of Propo- 
sition B.6.2 we may produce a pro-object P = {Pa)a in (C) mapping to the 
hypercovering F such that any diagram of solid arrows 

P 

a' 
Hi 

with Hi, H2 in W^™(C) can be factored like the dotted arrow (up to homotopy). It 
follows in particular that aP is a homotopy projective object in ProH(P). Hence 
we need to prove that Hom(P, A) is weaky equivalent to Hom(F, A'). 
We have now maps 

Hom(P, A) Hom(P, A') ^ Hom(F, A') 

and it it is sufficient prove that these arc weak equivalences. By a suitable analogue 
of Lemma B.7.10 the first maps is a weak equivalence. By an analogue of Lemma 
B.7.9 we have that Hom(P, A') is weakly equivalent to inj lim^ Hom(P„, ^'). Hence 
it is sufficient to show that 

}iomiPa,A') ^ Hom(F,^') 

is a weak equivalence. This follows from the fact that Hom(F, A') is, up to weak 
equivalence, independent of the Verdier hypercovering F. See [22, §1.4.3]. 
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